
Sub-semi-Riemannian geometry on H-type groups

Anna Korolko

8 July, 2010.

Anna Korolko Sub-semi-Riemannian geometry on H-type groups



Sub-semi-Riemannian H-type group

U = R
m, 〈 , 〉U – positively definite product on U,

Anna Korolko Sub-semi-Riemannian geometry on H-type groups



Sub-semi-Riemannian H-type group
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Sub-semi-Riemannian H-type group

U = R
m, 〈 , 〉U – positively definite product on U,

V = R
n, 〈 , 〉V – nondegenerate product on V of signature (p, q),

p + q = n,

η =

(

−Ip 0
0 Iq

)

,

Ip, Iq – identity matrices (p × p) and (q × q) respectively.
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Sub-semi-Riemannian H-type group

U = R
m, 〈 , 〉U – positively definite product on U,

V = R
n, 〈 , 〉V – nondegenerate product on V of signature (p, q),

p + q = n,

η =

(

−Ip 0
0 Iq

)

,

Ip, Iq – identity matrices (p × p) and (q × q) respectively.

If p = 1 ⇒ η – Lorentzian metric.
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Sub-semi-Riemannian H-type group

End(V ) – set of structure-preserving maps from V to V
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Sub-semi-Riemannian H-type group

End(V ) – set of structure-preserving maps from V to V

Consider linear map j : U → End(V ):

1) j2(u) = −|u|2U IV ,

2) 〈ηj(u)v , w〉V = −〈v , ηj(u)w〉V ,

IV – identity matrice on V .
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Sub-semi-Riemannian H-type group

End(V ) – set of structure-preserving maps from V to V

Consider linear map j : U → End(V ):

1) j2(u) = −|u|2U IV ,

2) 〈ηj(u)v , w〉V = −〈v , ηj(u)w〉V ,

IV – identity matrice on V .

⇒ j(u) = −j(u)t .
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Sub-semi-Riemannian H-type group

Define bilinear skew-symmetric map [·, ·] : V × V → U by

〈u, [v , w ]〉U = 〈ηj(u)v , w〉V .
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Sub-semi-Riemannian H-type group

Define bilinear skew-symmetric map [·, ·] : V × V → U by

〈u, [v , w ]〉U = 〈ηj(u)v , w〉V .

Define a Lie algebra G = U ⊕ V with a Lie structure on it:

[u1 + v1, u2 + v2] = [v1, v2], (u1, u2 ∈ U, v1, v2 ∈ V )
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Sub-semi-Riemannian H-type group

Define bilinear skew-symmetric map [·, ·] : V × V → U by

〈u, [v , w ]〉U = 〈ηj(u)v , w〉V .

Define a Lie algebra G = U ⊕ V with a Lie structure on it:

[u1 + v1, u2 + v2] = [v1, v2], (u1, u2 ∈ U, v1, v2 ∈ V )

G – 2-step nilpotent Lie algebra with center U,
G – H-type algebra with nondegenerate product on V .
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H-type groups

Consider H-type group G with Lie algebra G = V ⊕ U with
nondegenerate product on V .
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H-type groups

Consider H-type group G with Lie algebra G = V ⊕ U with
nondegenerate product on V .

Define scalar product on G: 〈 , 〉 = 〈 , 〉U + 〈 , 〉V .
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H-type groups

Consider H-type group G with Lie algebra G = V ⊕ U with
nondegenerate product on V .

Define scalar product on G: 〈 , 〉 = 〈 , 〉U + 〈 , 〉V .

G can be considered as a sub-semi-Riemannian manifold (G , V , η).
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Classification of H-type groups

Classification of generalized Heisenberg algebras and the
classification of representations of Clifford algebras of real vector
spaces with quadratic form is in 1-1 correspondence
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Classification of H-type groups

Classification of generalized Heisenberg algebras and the
classification of representations of Clifford algebras of real vector
spaces with quadratic form is in 1-1 correspondence

j : U → End(V ) – representation of Cl(U) on V ,
Cl(U) – unital associative algebra which contains and is generated
by a vector space U with a quadratic form on it.
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Classification of H-type groups

Classification of generalized Heisenberg algebras and the
classification of representations of Clifford algebras of real vector
spaces with quadratic form is in 1-1 correspondence

j : U → End(V ) – representation of Cl(U) on V ,
Cl(U) – unital associative algebra which contains and is generated
by a vector space U with a quadratic form on it.

V – Clifford module over Cl(U).
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Classification of H-type groups

Classification of generalized Heisenberg algebras and the
classification of representations of Clifford algebras of real vector
spaces with quadratic form is in 1-1 correspondence

j : U → End(V ) – representation of Cl(U) on V ,
Cl(U) – unital associative algebra which contains and is generated
by a vector space U with a quadratic form on it.

V – Clifford module over Cl(U).

0 6 m < ρ(n), n = k24r+s 7−→ ρ(n) = 8r + 2s , k – odd,
0 6 s 6 3.
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Classification of H-type groups

m = 0, n – arbitrary ⇒ G – Euclidean n-dimensional space,
m = 1, n – even ⇒ G – Heisenberg algebra,
m = 3, n = 4k ⇒ G – Quaternion algebra,
m = 7, n = 8 ⇒ G – Octonion algebra.
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Classification of H-type groups

m = 0, n – arbitrary ⇒ G – Euclidean n-dimensional space,
m = 1, n – even ⇒ G – Heisenberg algebra,
m = 3, n = 4k ⇒ G – Quaternion algebra,
m = 7, n = 8 ⇒ G – Octonion algebra.

j2-condition

∀u1, u2 ∈ U with 〈u1, u2〉U = 0 ∀v ∈ V ∃u3 ∈ U:

j(u1)j(u2)v = j(u3)v .
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Horizontal curve

Absolutely continuous curve γ(t) : [0, 1] → G such that γ̇(t) ∈ V

∀t ∈ [0, 1].
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Horizontal curve

Absolutely continuous curve γ(t) : [0, 1] → G such that γ̇(t) ∈ V

∀t ∈ [0, 1].

Horizontal distribution V possesses 2-step bracket generating
property:
∀p ∈ G any tangent vector can be represented as a linear
compination of vectors of types: v(p), [v , w ](p) ∈ TpG , v , w –
horizontal.
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Horizontal curve

Absolutely continuous curve γ(t) : [0, 1] → G such that γ̇(t) ∈ V

∀t ∈ [0, 1].

Horizontal distribution V possesses 2-step bracket generating
property:
∀p ∈ G any tangent vector can be represented as a linear
compination of vectors of types: v(p), [v , w ](p) ∈ TpG , v , w –
horizontal.

Chow theorem guarantees that any two points in G can be joined
by horizontal curve.
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Basic notions

Causal character of vectors v in V

timelike if 〈v , v〉V < 0,
spacelike if 〈v , v〉V > 0 or v = 0,
lightlike if 〈v , v〉V = 0 and v 6= 0,
nonspacelike if 〈v , v〉V 6 0,

Anna Korolko Sub-semi-Riemannian geometry on H-type groups



Basic notions

Causal character of vectors v in V

timelike if 〈v , v〉V < 0,
spacelike if 〈v , v〉V > 0 or v = 0,
lightlike if 〈v , v〉V = 0 and v 6= 0,
nonspacelike if 〈v , v〉V 6 0,

Causal character of horizontal curves

A horizontal curve is called
timelike/spacelike/lightlike/nonspacelike if its tangent vector is
timelike/spacelike/lightlike/nonspacelike at each point.
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Basic notions

Exponential map

exp: G → G
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Basic notions

Exponential map

exp: G → G

Left-invariant vector fields

Vi = ∂
∂vi

+ 1
2

m
∑

α=1
(vjB

αji ) ∂
∂uα

, i = 1, . . . , n,

Uα = ∂
∂uα

, α = 1, . . . ,m.
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Basic notions

Exponential map

exp: G → G

Left-invariant vector fields

Vi = ∂
∂vi

+ 1
2

m
∑

α=1
(vjB

αji ) ∂
∂uα

, i = 1, . . . , n,

Uα = ∂
∂uα

, α = 1, . . . ,m.

∂
∂vi

, ∂
∂uα

– orthonormal basis for V and U respectively.
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Basic notions

Exponential map

exp: G → G

Left-invariant vector fields

Vi = ∂
∂vi

+ 1
2

m
∑

α=1
(vjB

αji ) ∂
∂uα

, i = 1, . . . , n,

Uα = ∂
∂uα

, α = 1, . . . ,m.

∂
∂vi

, ∂
∂uα

– orthonormal basis for V and U respectively.

Bα
ji represent endomorphisms jα on V , α = 1, . . . ,m.

They form a complex basis of Cl(U).
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Geodesic equation

Connection

Semi-Riemannian connection is defined by Koszul formula:

〈∇XY , Z 〉 =
1

2
(−〈X , [Y , Z ]〉 + 〈Y , [Z , X ]〉 + 〈Z , [X , Y ]〉) ,

X , Y , Z – arbitrary basis elements in G.
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Geodesic equation

Connection

Semi-Riemannian connection is defined by Koszul formula:

〈∇XY , Z 〉 =
1

2
(−〈X , [Y , Z ]〉 + 〈Y , [Z , X ]〉 + 〈Z , [X , Y ]〉) ,

X , Y , Z – arbitrary basis elements in G.

Geodesic

γ : [0, 1] → G which satisfies the geodesic equation ∇γ̇ γ̇ = 0.
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Geodesic equation

Define functions t 7→ v(t) and t 7→ u(t) such that
γ(t) =

(

v(t), u(t)
)

and
v̇(t) and u̇(t) are projections of γ̇(t) onto V and U respectively.
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Geodesic equation

Define functions t 7→ v(t) and t 7→ u(t) such that
γ(t) =

(

v(t), u(t)
)

and
v̇(t) and u̇(t) are projections of γ̇(t) onto V and U respectively.

γ(t) =
(

v1(t), . . . , vn(t), u1(t), . . . , um(t)
)
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Geodesic equation

Define functions t 7→ v(t) and t 7→ u(t) such that
γ(t) =

(

v(t), u(t)
)

and
v̇(t) and u̇(t) are projections of γ̇(t) onto V and U respectively.

γ(t) =
(

v1(t), . . . , vn(t), u1(t), . . . , um(t)
)

Initial conditions

∇γ̇ γ̇ = 0,

v(0) = 0, u(0) = 0,

v̇(0) = v̇0, u̇(0) = u̇0.
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Geodesic equation

Define functions t 7→ v(t) and t 7→ u(t) such that
γ(t) =

(

v(t), u(t)
)

and
v̇(t) and u̇(t) are projections of γ̇(t) onto V and U respectively.

γ(t) =
(

v1(t), . . . , vn(t), u1(t), . . . , um(t)
)

Initial conditions

∇γ̇ γ̇ = 0,

v(0) = 0, u(0) = 0,

v̇(0) = v̇0, u̇(0) = u̇0.

⇒
v̈ − ηj(u̇0)v̇ = 0,

u̇ + 1
2 [v̇ , v ] = u̇0.
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Geodesics

v̈ − ηj(u̇0)v̇ = 0 – sub-semi-Riemannian case,
v̈ − j(u̇0)v̇ = 0 – sub-Riemannian case.
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Geodesics

v̈ − ηj(u̇0)v̇ = 0 – sub-semi-Riemannian case,
v̈ − j(u̇0)v̇ = 0 – sub-Riemannian case.

Matrix j

j t = −j , j2(u̇0) = −|u̇0|2IV ,

All eigenvalues of j are purely imaginary and come in pairs ±i |u̇0|.
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Geodesics

v̈ − ηj(u̇0)v̇ = 0 – sub-semi-Riemannian case,
v̈ − j(u̇0)v̇ = 0 – sub-Riemannian case.

Matrix j

j t = −j , j2(u̇0) = −|u̇0|2IV ,

All eigenvalues of j are purely imaginary and come in pairs ±i |u̇0|.















0 |u̇0|
−|u̇0| 0

. . . 0

...
. . .

...

0 . . .
0 |u̇0|

−|u̇0| 0














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Geodesics

Matrix A = ηj

At = −ηAη – skew-symmetry w.r.t. semi-Riemannian product η

on V ,
All eigenvalues have absolute value |u̇0|.
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Geodesics

Matrix A = ηj

At = −ηAη – skew-symmetry w.r.t. semi-Riemannian product η

on V ,
All eigenvalues have absolute value |u̇0|.

If index p – odd:

2 real eigenvalues ±|u̇0|,
2r − 2 purely imaginary eigenvalues ±i |u̇0|, r– odd,
n − 2r complex eigenvalues which come in quadriples ±(αk ± iβk),
√

α2
k + β2

k = |u̇0|.
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Geodesics

Matrix A = ηj

At = −ηAη – skew-symmetry w.r.t. semi-Riemannian product η

on V ,
All eigenvalues have absolute value |u̇0|.

If index p – odd:

2 real eigenvalues ±|u̇0|,
2r − 2 purely imaginary eigenvalues ±i |u̇0|, r– odd,
n − 2r complex eigenvalues which come in quadriples ±(αk ± iβk),
√

α2
k + β2

k = |u̇0|.

If index p – even:

No real eigenvalues,
2r purely imaginary eigenvalues ±i |u̇0|, r– even,
n − 2r complex eigenvalues which come in quadriples ±(αk ± iβk),
√

α2
k + β2

k = |u̇0|.
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Horizontal part of geodesic

v(t) = (vs1 , vs2 , vs+11 , vs+12 , . . . , vr1 , vr2 , vr+11 , vr+12 , vr+13 , vr+14 ,

. . . , v n
4
+ r

2 1
, v n

4
+ r

2 2
, v n

4
+ r

2 3
, v n

4
+ r

2 4

)

.
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Horizontal part of geodesic

v(t) = (vs1 , vs2 , vs+11 , vs+12 , . . . , vr1 , vr2 , vr+11 , vr+12 , vr+13 , vr+14 ,

. . . , v n
4
+ r

2 1
, v n

4
+ r

2 2
, v n

4
+ r

2 3
, v n

4
+ r

2 4

)

.

vs1(t) =
1

|u̇0|

(

v̇0
s1

sinh
(

|u̇0|t
)

+ v̇0
s2

cosh
(

|u̇0|t
)

− v̇0
s2

)

,

vs2(t) =
1

|u̇0|

(

v̇0
s2

sinh
(

|u̇0|t
)

+ v̇0
s1

cosh
(

|u̇0|t
)

− v̇0
s1

)

,
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Horizontal part of geodesic

vj1(t) =
1

|u̇0|

(

v̇0
j1

sin
(

|u̇0|t
)

− v̇0
j2

cos
(

|u̇0|t
)

+ v̇0
j2

)

,

vj2(t) =
1

|u̇0|

(

v̇0
j2

sin
(

|u̇0|t
)

+ v̇0
j1

cos
(

|u̇0|t
)

− v̇0
j1

)

,

j = s + 1, . . . , r .
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Horizontal part of geodesic

vj1(t) =
1

|u̇0|

(

v̇0
j1

sin
(

|u̇0|t
)

− v̇0
j2

cos
(

|u̇0|t
)

+ v̇0
j2

)

,

vj2(t) =
1

|u̇0|

(

v̇0
j2

sin
(

|u̇0|t
)

+ v̇0
j1

cos
(

|u̇0|t
)

− v̇0
j1

)

,

j = s + 1, . . . , r .

vk1(t) = Ak sinhαkt sinβkt + Bk cosh αkt cos βkt

+Bk sinhαkt cos βkt + Ak coshαkt sinβkt − Bk ,

vk2(t) = −Bk sinhαkt sinβkt + Ak cosh αkt cos βkt

+Ak sinhαkt cos βkt − Bk coshαkt sinβkt − Ak ,

Ak =
1

|u̇0|2
(

αk v̇0
k2

+ βk v̇0
k1

)

, Bk =
1

|u̇0|2
(

αk v̇0
k1
− βk v̇0

k2

)

,
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Horizontal part of geodesic

vk3(t) = −Ck sinhαkt sinβkt − Dk cosh αkt cos βkt

+Dk sinhαkt cos βkt + Ck cosh αkt sinβkt + Dk ,

vk4(t) = Dk sinhαkt sinβkt − Ck coshαkt cos βkt

+Ck sinhαkt cos βkt − Dk cosh αkt sinβkt + Ck ,

Ck =
1

|u̇0|2
(

αk v̇0
k4

+ βk v̇0
k3

)

, Dk =
1

|u̇0|2
(

αk v̇0
k3
− βk v̇0

k4

)

.
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Horizontal part of geodesic

vk3(t) = −Ck sinhαkt sinβkt − Dk cosh αkt cos βkt

+Dk sinhαkt cos βkt + Ck cosh αkt sinβkt + Dk ,

vk4(t) = Dk sinhαkt sinβkt − Ck coshαkt cos βkt

+Ck sinhαkt cos βkt − Dk cosh αkt sinβkt + Ck ,

Ck =
1

|u̇0|2
(

αk v̇0
k4

+ βk v̇0
k3

)

, Dk =
1

|u̇0|2
(

αk v̇0
k3
− βk v̇0

k4

)

.

A curve v(t) has the same casual type as the initial velocity vector
v̇0.
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Horizontal part of geodesic

The projection of the curve v(t) onto the (vs1 , vs2)-plane, is a
brunch of the hyperbola with the canonical equation

(

vs1 +
v̇0
s2

|u̇0|

)2
−

(

vs2 +
v̇0
s1

|u̇0|

)2
=

−(v̇0
s1

)2 + (v̇0
s2

)2

|u̇0|2
.
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Horizontal part of geodesic

The projection of the curve v(t) onto the (vs1 , vs2)-plane, is a
brunch of the hyperbola with the canonical equation

(

vs1 +
v̇0
s2

|u̇0|

)2
−

(

vs2 +
v̇0
s1

|u̇0|

)2
=

−(v̇0
s1

)2 + (v̇0
s2

)2

|u̇0|2
.

The projection of the curve v(t) onto the (vj1 , vj2)-plane,

j = s + 1, . . . , r , is a circle with the center
(

−
v̇0
j2

|u̇0|
,

v̇0
j1

|u̇0|

)

of radius
q

(v̇0
j1

)2+(v̇0
j2

)2

|u̇0|
.
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Logarithmic spiral

The projection of the curve v(t) onto the (vk1 , vk2)-plane,
k = 1, . . . , n

4 + r
2 , is a logarithmic spiral with the equation

v2
k1

(t) + v2
k2

(t) =
1

|u̇0|2

(

(v̇0
k1

)2 + (v̇0
k2

)2
)

e2αk t .
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Logarithmic spiral

The projection of the curve v(t) onto the (vk1 , vk2)-plane,
k = 1, . . . , n

4 + r
2 , is a logarithmic spiral with the equation

v2
k1

(t) + v2
k2

(t) =
1

|u̇0|2

(

(v̇0
k1

)2 + (v̇0
k2

)2
)

e2αk t .

vk

v
kC 1
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Logarithmic spiral

The projection of the curve v(t) onto the (vk3 , vk4)-plane,
k = 1, . . . , n

4 + r
2 , is a logarithmic spiral with the equation

v2
k3

(t) + v2
k4

(t) =
1

|u̇0|2

(

(v̇0
k3

)2 + (v̇0
k4

)2
)

e−2αk t .
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Logarithmic spiral

The projection of the curve v(t) onto the (vk3 , vk4)-plane,
k = 1, . . . , n

4 + r
2 , is a logarithmic spiral with the equation

v2
k3

(t) + v2
k4

(t) =
1

|u̇0|2

(

(v̇0
k3

)2 + (v̇0
k4

)2
)

e−2αk t .

v
kC 2

v
kC 3
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