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Introduction.

In a control problem we find the following basic elements.

(1) A control u that we can handle according to our interests,
which can be chosen among a family of feasible controls K.

(2) The state of the system y to be controlled, which depends on
the control. Some limitations can be imposed on the state,
in mathematical terms y ∈ C, which means that not every
possible state of the system is satisfactory.

(3) A state equation that establishes the dependence between the
control and the state. In the next sections this state equation
will be a partial differential equation, y being the solution of
the equation and u a function arising in the equation so that
any change in the control u produces a change in the solution
y. However the origin of control theory was connected with the
control of systems governed by ordinary differential equations
and there is a huge activity in this field; see, for instance, the
classical books Pontriaguine et al. [40] or Lee and Markus
[36].

(4) A function to be minimized, called the objective function or
the cost function, depending on the control and the state (y, u).

The objective is to determine an admissible control, called optimal
control, that provides a satisfactory state for us and that minimizes the
value of functional J . The basic questions to study are the existence
of solution and its computation. However to obtain the solution we
must use some numerical methods, arising some delicate mathematical
questions in this numerical analysis. The first step to solve numerically
the problem requires the discretization of the control problem, which
is made usually by finite elements. A natural question is how good the
approximation is, of course we would like to have some error estimates
of these approximations. In order to derive the error estimates it is
essential to have some regularity of the optimal control, some order
of differentiability is necessary, at least some derivatives in a weak
sense. The regularity of the optimal control can be deduced from the
first order optimality conditions. Another key tool in the proof of the
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4 INTRODUCTION.

error estimates is the use of the second order optimality conditions.
Therefore our analysis requires to derive the first and second order
conditions for optimality.

Once we have a discrete control problem we have to use some nu-
merical algorithm of optimization to solve this problem. When the
problem is not convex, the optimization algorithms typically provides
local minima, the question now is if these local minima are significant
for the original control problem.

The following steps must be followed when we study an optimal
control problem:

(1) Existence of a solution.
(2) First and second order optimality conditions.
(3) Numerical approximation.
(4) Numerical resolution of the discrete control problem.

We will not discuss the numerical algorithms of optimization, we
will only consider the first three points for a model problem. In this
model problem the state equation will be a semilinear elliptic partial
differential equation. Through the nonlinearity introduces some com-
plications in the study, we have preferred to consider them to show
the role played by the second order optimality conditions. Indeed, if
the equation is linear and the cost functional is the typical quadratic
functional, then the use of the second order optimality conditions is
hidden.

There are no many books devoted to all the questions we are going
to study here. Firstly let me mention the book by Profesor J.L. Lions
[38], which is an obliged reference in the study of the theory of optimal
control problems of partial differential equations. In this text, that
has left an indelible track, the reader will be able to find some of
the methods used in the resolution of the two first questions above
indicated. More recent books are X. Li and J. Yong [37], H.O. Fattorini
[34] and F. Tröltzsch [46].



CHAPTER 1

Existence of a Solution

1.1. Setting of the Control Problem

Let Ω be an open and bounded subset of Rn (n = 2 o 3), Γ
being its boundary that we will assume to be regular; C1,1 is enough
for us in all this course. In Ω we will consider the linear operator A
defined by

Ay = −
n∑

i,j=1

∂xj
(aij(x)∂xi

y(x)) + a0(x)y(x),

where aij ∈ C0,1(Ω̄) and a0 ∈ L∞(Ω) satisfy:





∃m > 0 such that
n∑

i,j=1

aij(x)ξiξj ≥ m|ξ|2 ∀ξ ∈ Rn and ∀x ∈ Ω,

a0(x) ≥ 0 a.e. x ∈ Ω.

Now let φ : R −→ R be a non decreasing monotone function of class
C2, with φ(0) = 0. For any u ∈ L2(Ω), the Dirichlet problem

(1.1)

{
Ay + φ(y) = u in Ω
y = 0 on Γ

has a unique solution yu ∈ H1
0 (Ω) ∩ L∞(Ω).

The control problem associated to this system is formulated as fol-
lows

(P)





Minimize J(u) =

∫

Ω

L(x, yu(x), u(x))dx

u ∈ K = {u ∈ L∞(Ω) : α ≤ u(x) ≤ β a.e. x ∈ Ω},
where −∞ < α < β < +∞ and L fulfills the following assumptions:
(H1) L : Ω × R2 −→ R is a Carathéodory function and for all x ∈ Ω,
L(x, ·, ·) is of class C2 in R2. Moreover for every M > 0 and all
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6 1. EXISTENCE OF A SOLUTION

x, x1, x2 ∈ Ω and y, y1, y2, u, u1, u2 ∈ [−M, +M ], the following prop-
erties hold

|L(x, y, u)| ≤ LM,1(x), |∂L

∂y
(x, y, u)| ≤ LM,p(x)

|∂L

∂u
(x1, y, u)− ∂L

∂u
(x2, y, u)| ≤ CM |x1 − x2|

|L′′(y,u)(x, y, u)|R2×2 ≤ CM

|L′′(y,u)(x, y1, u1)− L′′(y,u)(x, y2, u2)|R2×2 ≤ CM(|y1 − y2|+ |u1 − u2|),
where LM,1 ∈ L1(Ω), LM,p ∈ Lp(Ω), p > n, CM > 0, L′′(y,u) is the

Hessian matrix of L with respect to (y, u), and | · |R2×2 is any matricial
norm.

To prove our second order optimality conditions and the error esti-
mates we will need the following additional assumption
(H2) There exists Λ > 0 such that

∂2L

∂u2
(x, y, u) ≥ Λ ∀ (x, y, u) ∈ Ω× R2.

Remark 1.1. A typical functional in control theory is

(1.2) J(u) =

∫

Ω

{|yu(x)− yd(x)|2 + Nu2(x)
}

dx,

where yd ∈ L2(Ω) denotes the ideal state of the system and N ≥ 0.
The term

∫
Ω

Nu2(x)dx can be considered as the cost term and it is
said that the control is expensive if N is big, however the control is
cheap if N is small or zero. From a mathematical point of view the
presence of the term

∫
Ω

Nu2(x)dx, with N > 0, has a regularizing
effect on the optimal control. Hypothesis (H1) is fulfilled, in particular
the condition LM,p ∈ Lp(Ω), if yd ∈ Lp(Ω). This condition plays an
important role in the study of the regularity of the optimal control.
Hypothesis (H2) holds if N > 0.

Remark 1.2. Other choices for the set of feasible controls are pos-
sible, in particular the case K = L2(Ω) is frequent.The important ques-
tion is that Kmust be closed and convex. Moreover if K is not bounded,
then some coercivity assumption on the functional J is required to as-
sure the existence of a solution.

Remark 1.3. In practice φ(0) = 0 is not a true restriction because
it is enough to change φ by φ − φ(0) and u by u − φ(0) to transform
the problem under the required assumptions. Non linear terms of the
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form f(x, y(x)), with f of class C2 with respect to the second variable
and monotone non decreasing with respect to the same variable, can
be considered as an alternative to the term φ(y(x)). We lose some
generality in order to avoid technicalities and to get a simplified and
more clear presentation of our methods to study the control problem.

The existence of a solution yu in H1
0 (Ω) ∩ L∞(Ω) can be proved as

follows: firstly we truncate φ to get a bounded function φk, for instance
in the way

φk(t) =





φ(t) if |φ(t)| ≤ k,
+k if φ(t) > +k,
−k if φ(t) < −k.

Then the operator (A + φk) : H1
0 (Ω) −→ H−1(Ω) is monotone, contin-

uous and coercive, therefore there exists a unique element yk ∈ H1
0 (Ω)

satisfying Ayk +φk(yk) = u in Ω. By using the usual methods it is easy
to prove that {yk}∞k=1 is uniformly bounded in L∞(Ω) (see, for instance,
Stampacchia [45]), consequently for k large enough φk(yk) = φ(yk) and
then yk = yu ∈ H1

0 (Ω)∩L∞(Ω) is the solution of problem (1.1). On the
other hand the inclusion Ayu ∈ L∞(Ω) implies the W 2,p(Ω)-regularity
of yu for every p < +∞; see Grisvard [35]. Finally, remembering that
K is bounded in L∞(Ω), we deduce the next result

Theorem 1.4. For any control u ∈ K there exists a unique solution
yu of (1.1) in W 2,p(Ω) ∩H1

0 (Ω), for all p < ∞. Moreover there exists
a constant Cp > 0 such that

(1.3) ‖yu‖W 2,p(Ω) ≤ Cp ∀u ∈ K.

It is important to remark that the previous theorem implies the
Lipschitz regularity of yu. Indeed it is enough to remind that W 2,p(Ω) ⊂
C0,1(Ω̄) for any p > n.

1.2. Existence of a Solution

The goal of this section is to study the existence of a solution
for problem (P), which is done in the following theorem.

Theorem 1.5. Let us assume that L is a Carathéodory function
satisfying the following assumptions

A1) For every (x, y) ∈ Ω × R, L(x, y, ·) : R −→ R is a convex
function.

A2) For any M > 0 there exists a function ψM ∈ L1(Ω) such that

|L(x, y, u)| ≤ ψM(x) a.e. x ∈ Ω, ∀|y| ≤ M, ∀|u| ≤ M.
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Then problem (P) has at least one solution.

Proof. Let {uk} ⊂ K be a minimizing sequence of (P), this means
that J(uk) → inf(P). Let us take a subsequence, again denoted in the
same way, converging ∗weakly in L∞(Ω) to an element ū ∈ K. Let us
prove that J(ū) = inf(P). For this we will use Mazur’s Theorem (see,
for instance, Ekeland and Temam [33]): given 1 < p < +∞ arbitrary,
there exists a sequence of convex combinations {vk}k∈N,

vk =

nk∑

l=k

λlul, with

nk∑

l=k

λl = 1 and λl ≥ 0,

such that vk → ū strongly in Lp(Ω). Then, using the convexity of L
with respect to the third variable, the dominated convergence theorem
and the assumption A1), it follows

J(ū) = lim
k→∞

∫

Ω

L(x, yū(x), vk(x))dx ≤

lim sup
k→∞

nk∑

l=k

λl

∫

Ω

L(x, yū(x), ul(x))dx ≤ lim sup
k→∞

nk∑

l=k

λlJ(ul)+

lim sup
k→∞

∫

Ω

nk∑

l=k

λl |L(x, yul
(x), ul(x))− L(x, yū(x), ul(x))| dx =

inf (P) + lim sup
k→∞

∫

Ω

nk∑

l=k

λl |L(x, yul
(x), ul(x))− L(x, yū(x), ul(x))| dx,

where we have used the convergence J(uk) → inf(P). To prove that the
last term converges to zero it is enough to remark that for any given
point x, the function L(x, ·, ·) is uniformly continuous on bounded sub-
sets of R2, the sequences {yul

(x)} and {ul(x)} are uniformly bounded
and yul

(x) → yū(x) when l →∞, therefore

lim
k→∞

nk∑

l=k

λl |L(x, yul
(x), ul(x))− L(x, yū(x), ul(x))| = 0 a.e. x ∈ Ω.

Using again the dominated convergence theorem, assumption A2) and
the previous convergence, we get

lim sup
k→∞

∫

Ω

nk∑

l=k

λl |L(x, yul
(x), ul(x))− L(x, yū(x), ul(x))| dx = 0,

which concludes the proof. ¤
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Remark 1.6. It is possible to formulate other similar problems to
(P) by taking K as a closed and convex subset of Lp(Ω), with 1 < p <
+∞. The existence of a solution can be proved as above by assuming
that K is bounded in Lp(Ω) or J is coercive on K. The coercivity holds
if the following conditions is fulfilled: ∃ψ ∈ L1(Ω) and C > 0 such that

L(x, y, u) ≥ C|u|p + ψ(x) ∀(x, y, u) ∈ Ω× R2.

This coercivity assumption implies the boundedness in Lp(Ω) of any
minimizing sequence, the rest of the proof being as in Theorem 1.5.

1.3. Some Other Control Problems

In the rest of the chapter we are going to present some control
problems that can be studied by using the previous methods. First let
us start with a very well known problem, which is a particular case of
(P).

1.3.1. The Linear Quadratic Control Problem. Let us as-
sume that φ is linear and L(x, y, u) = (1/2){(y− yd(x))2 + Nu2}, with
yd ∈ L2(Ω) fixed, therefore

J(u) =
1

2

∫

Ω

(yu(x)− yd(x))2dx +
N

2

∫

Ω

u2(x)dx.

Now (P) is a convex control problem. In fact the objective functional
J : L2(Ω) → R is well defined, continuous and strictly convex. Under
these conditions, if K is a convex and closed subset of L2(Ω), we can
prove the existence and uniqueness of an optimal control under one of
the two following assumptions:

(1) K is a bounded subset of L2(Ω).
(2) N > 0.

For the proof it is enough to take a minimizing sequence as in
Theorem 1.5, and remark that the previous assumptions imply the
boundedness of the sequence. Then it is possible to take a subsequence
{uk}∞k=1 ⊂ K converging weakly in L2(Ω) to ū ∈ K. Finally the con-
vexity and continuity of J implies the weak lower semicontinuity of J ,
then

J(ū) ≤ lim inf
k→∞

J(uk) = inf (P).

The uniqueness of the solution is an immediate consequence of the
strict convexity of J .
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1.3.2. A Boundary Control Problem. Let us consider the fol-
lowing Neumann problem{

Ay + φ(y) = f in Ω
∂νA

y = u on Γ,

where f ∈ Lρ(Ω), ρ > n/2, u ∈ Lt(Γ), t > n− 1 and

∂νA
y =

n∑
i,j=1

aij(x)∂xi
y(x)νj(x),

ν(x) being the unit outward normal vector to Γ at the point x.
The choice ρ > n/2 and t > n − 1 allows us to deduce a theorem

of existence and uniqueness analogous to Theorem 1.4, assuming that
a0 6≡ 0.

Let us consider the control problem

(P)

{
Minimize J(u)
u ∈ K,

where K is a closed, convex and non empty subset of Lt(Γ). The
functional J : Lt(Γ) −→ R is defined by

J(u) =
1

2

∫

Ω

L(x, yu(x))dx +
N

r

∫

Γ

|u(x)|rdσ(x),

L : Ω × R −→ R being a Carathodory function such that there exists
ψ0 ∈ L1(Ω) and for any M > 0 a function ψM ∈ L1(Ω) satisfying

ψ0(x) ≤ L(x, y) ≤ ψM(x) a.e. x ∈ Ω, ∀|y| ≤ M.

Let us assume that 1 < r < +∞, N ≥ 0 and that one of the following
assumptions is fulfilled:

(1) K is bounded in Lt(Γ) and r ≤ t.
(2) N > 0 and r ≥ t.

Remark that in this situation the control variable is acting on the
boundary Γ of the domain, for this reason it is called a boundary control
and (P) is said a boundary control problem. In problem (P) defined in
§1.1, u was a distributed control in Ω.

1.3.3. Control of Evolution Equations. Let us consider the
following evolution state equation




∂y

∂t
(x, t) + Ay(x, t) = f in ΩT = Ω× (0, T ),

∂νA
y(x, t) + b(x, t, y(x, t)) = u(x, t) on ΣT = Γ× (0, T ),

y(x, 0) = y0(x) in Ω,
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where y0 ∈ C(Ω̄) and u ∈ L∞(ΣT ). If f ∈ Lr([0, T ], Lp(Ω)), with r
and p sufficiently large, b is monotone non decreasing and bounded
on bounded sets, then the above problem has a unique solution in
C(Ω̄T )∩L2([0, T ], H1(Ω)); see Di Benedetto [3]. Thus we can formulate
a control problem similar to the previous ones, taking as an objective
function

J(u) =

∫

ΩT

L(x, t, yu(x, t))dxdt +

∫

ΣT

l(x, t, yu(x, t), u(x, t))dσ(x)dt.

To prove the existence of a solution of the control problem is neces-
sary to make some assumptions on the functional J . L : ΩT ×R −→ R
and l : ΣT × R2 −→ R are Carathédory functions, l is convex with
respect to the third variable and for every M > 0 there exist two
functions αM ∈ L1(ΩT ) and βM ∈ L1(ΣT ) such that

|L(x, t, y)| ≤ αM(x, t) a.e. (x, t) ∈ ΩT , ∀|y| ≤ M

and

|l(x, t, y, u)| ≤ βM(x, t) a.e. (x, t) ∈ ΣT , ∀|y| ≤ M, ∀|u| ≤ M.

Let us remark that the hypotheses on the domination of the func-
tions L and l by αM and βM are not too restrictive. The convexity
of l with respect to the control is the key point to prove the existence
of an optimal control. In the lack of convexity, it is necessary to use
some compactness argumentation to prove the existence of a solution.
The compactness of the set of feasible controls has been used to get
the existence of a solution in control problems in the coefficients of the
partial differential operator. These type of problems appear in struc-
tural optimization problems and in the identification of the coefficients
of the operator; see Casas [11] and [12].

If there is neither convexity nor compactness, we cannot assure, in
general, the existence of a solution. Let us see an example.{ −∆y = u in Ω,

y = 0 on Γ.

(P )





Minimize J(u) =

∫

Ω

[yu(x)2 + (u2(x)− 1)2]dx

−1 ≤ u(x) ≤ +1, x ∈ Ω.

Let us take a sequence of controls {uk}∞k=1 such that |uk(x)| = 1
for every x ∈ Ω and verifying that uk ⇀ 0 ∗weakly in L∞(Ω). The
existence of such a solution can be obtained by remarking that the
unit closed ball of L∞(Ω) is the ∗weak closure of the unit sphere {u ∈
L∞(Ω) : ‖u‖L∞(Ω) = 1}; see Brezis [10]. The reader can also make a



12 1. EXISTENCE OF A SOLUTION

direct construction of such a sequence (include Ω in a n-cube to simplify
the proof). Then, taking into account that yuk

→ 0 uniformly in Ω, we
have

0 ≤ inf
−1≤u(x)≤+1

J(u) ≤ lim
k→∞

J(uk) = lim
k→∞

∫

Ω

yuk
(x)2dx = 0.

But it is obvious that J(u) > 0 for any feasible control, which proves
the non existence of an optimal control.

To deal with control problems in the absence of convexity and com-
pactness, (P) is sometimes included in a more general problem (P̄), in
such a way that inf(P)= inf(P̄), (P̄) having a solution. This leads to
the relaxation theory; see Ekeland and Temam [33], Warga [47], Young
[48], Roubiček [42], Pedregal [39].

In the last years a lot of research activity has been focused on the
control problems associated to the equations of the fluid mechanics; see,
for instance, Sritharan [44] for a first reading about these problems.



CHAPTER 2

Optimality Conditions

In this chapter we are going to study the first and second order con-
ditions for optimality. The first order conditions are necessary condi-
tions for local optimality, except in the case of convex problems, where
they become also sufficient conditions for global optimality. In absence
of convexity the sufficiency requires the establishment of optimality
conditions of second order. We will prove sufficient and necessary con-
ditions of second order. The sufficient conditions play a very important
role in the numerical analysis of the problems. The necessary condi-
tions of second order are the reference that indicate if the sufficient
conditions enunciated are reasonable in the sense that its fulfillment is
not a too restrictive demand.

2.1. First Order Optimality Conditions

The key tool to get the first order optimality conditions is provided
by the next lemma.

Lemma 2.1. Let U be a Banach space, K ⊂ U a convex subset and
J : U −→ R a function. Let us assume that ū is a local solution of the
optimization problem

(P)

{
inf J(u)
u ∈ K

and that J has directional derivatives at ū. Then

(2.1) J ′(ū) · (u− ū) ≥ 0 ∀u ∈ K.

Reciprocally, if J is a convex function and ū is an element of K satis-
fying (2.1), then ū is a global minimum of (P).

Proof. The inequality (2.1) is easy to get

J ′(ū) · (u− ū) = lim
λ↘0

J(ū + λ(u− ū))− J(ū)

λ
≥ 0.

The last inequality follows from the local optimality of ū and the fact
that ū + λ(u− ū) ∈ K for every u ∈ K and every λ ∈ [0, 1] due to the
convexity of K.

13
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Reciprocally if ū ∈ K fulfills (2.1) and J is convex, then for every
u ∈ K

0 ≤ J ′(ū) · (u− ū) = lim
λ↘0

J(ū + λ(u− ū))− J(ū)

λ
≤ J(u)− J(ū),

therefore ū is a global solution of (P). ¤
In order to apply this lemma to the study of problem (P) we need

to analyze the differentiability of the functionals involved in the control
problem.

Proposition 2.2. The mapping G : L∞(Ω) −→ W 2,p(Ω) defined
by G(u) = yu is of class C2. Furthermore if u, v ∈ L∞(Ω) and z =
DG(u) ·v, then z is the unique solution in W 2,p(Ω) of Dirichlet problem

(2.2)

{
Az + φ′(yu(x))z = v in Ω,
z = 0 on Γ.

Finally, for every v1, v2 ∈ L∞(Ω), zv1v2 = G′′(u)v1v2 is the solution of

(2.3)

{
Azv1v2 + φ′(yu(x))zv1v2 + φ′′(yu(x))zv1zv2 = 0 in Ω,

zv1v2 = 0 on Γ,

where zvi
= G′(u)vi, i = 1, 2.

Proof. To prove the differentiability of G we will apply the im-
plicit function theorem. Let us consider the Banach space

V (Ω) = {y ∈ H1
0 (Ω) ∩W 2,p(Ω) : Ay ∈ L∞(Ω)},

endowed with the norm

‖y‖V (Ω) = ‖y‖W 2,p(Ω) + ‖Ay‖∞.

Now let us take the function

F : V (Ω)× L∞(Ω) −→ L∞(Ω)

defined by
F (y, u) = Ay + φ(y)− u.

It is obvious that F is of class C2, yu ∈ V (Ω) for every u ∈ L∞(Ω),
F (yu, u) = 0 and

∂F

∂y
(y, u) · z = Az + φ′(y)z

is an isomorphism from V (Ω) into L∞(Ω). By applying the implicit
function theorem we deduce that G is of class C2 and DG(u) ·z is given
by (2.2). Finally (2.3) follows by differentiating twice with respect to
u in the equation

AG(u) + φ(G(u)) = u.



2.1. FIRST ORDER OPTIMALITY CONDITIONS 15

¤
As a consequence of this result we get the following proposition.

Proposition 2.3. The function J : L∞(Ω) → R is of class C2.
Moreover, for every u, v, v1, v2 ∈ L∞(Ω)

(2.4) J ′(u)v =

∫

Ω

(
∂L

∂u
(x, yu, u) + ϕu

)
v dx

and

J ′′(u)v1v2 =

∫

Ω

[
∂2L

∂y2
(x, yu, u)zv1zv2 +

∂2L

∂y∂u
(x, yu, u)(zv1v2 + zv2v1)+

(2.5)
∂2L

∂u2
(x, yu, u)v1v2 − ϕuφ

′′(yu)zv1zv2

]
dx

where ϕu ∈ W 2,p(Ω) is the unique solution of problem

(2.6)





A∗ϕ + φ′(yu)ϕ =
∂L

∂y
(x, yu, u) in Ω

ϕ = 0 on Γ,

A∗ being the adjoint operator of A and zvi
= G′(u)vi, i = 1, 2.

Proof. From hypothesis (H1), Proposition 2.2 and the chain rule
it comes

J ′(u) · v =

∫

Ω

[
∂L

∂y
(x, yu(x), u(x))z(x) +

∂L

∂u
(x, yu(x), u(x))v(x)

]
dx,

where z = G′(u)v. Using (2.6) in this expression we get

J ′(u) · v =

∫

Ω

{
[A∗ϕu + φ′(yu)ϕu]z +

∂L

∂u
(x, yu(x), u(x))v(x)

}
dx

=

∫

Ω

{
[Az + φ′(yu)z]ϕu +

∂L

∂u
(x, yu(x), u(x))v(x)

}
dx

=

∫

Ω

{
ϕu(x) +

∂L

∂u
(x, yu(x), u(x))

}
v(x) dx,

which proves (2.4). Finally (2.5) follows again by application of the
chain rule and Proposition 2.2. ¤

Remark 2.4. Let us note that for any u ∈ L∞(Ω), the continuous
bilinear form J ′′(u) : L∞(Ω) × L∞(Ω) −→ R can be readily extended
to a continuous bilinear form J ′′(u) : L2(Ω)× L2(Ω) −→ R.

Combining Lemma 2.1 with the previous proposition we get the
first order optimality conditions.
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Theorem 2.5. Let ū be a local minimum of (P). Then there exist
ȳ, ϕ̄ ∈ H1

0 (Ω) ∩W 2,p(Ω) such that the following relationships hold

(2.7)

{
Aȳ + φ(ȳ) = ū in Ω,
ȳ = 0 on Γ,

(2.8)





A∗ϕ̄ + φ′(ȳ)ϕ̄ =
∂L

∂y
(x, ȳ, ū) in Ω,

ϕ̄ = 0 on Γ,

(2.9)

∫

Ω

{
ϕ̄(x) +

∂L

∂u
(x, ȳ(x), ū(x))

}
(u(x)− ū(x))dx ≥ 0 ∀u ∈ K.

From this theorem we can deduce some regularity results of the
local minima.

Theorem 2.6. Let us assume that ū is a local minimum of (P) and
that hypotheses (H1) and (H2) are fulfilled. Then for any x ∈ Ω̄, the
equation

(2.10) ϕ̄(x) +
∂L

∂u
(x, ȳ(x), t) = 0

has a unique solution t̄ = s̄(x), where ȳ is the state associated to ū and
ϕ̄ is the adjoint state defined by (2.8). The mapping s̄ : Ω̄ −→ R is
Lipschitz. Moreover ū and s̄ are related by the formula

(2.11) ū(x) = Proj[α,β](s̄(x)) = max(α, min(β, s̄(x))),

and ū is Lipschitz too.

Proof. The existence and uniqueness of solution of equation (2.10)
is an immediate consequence of the hypothesis (H2), therefore s̄ is
well defined. Let us see that s̄ is bounded. Indeed, making a Taylor
development of the first order in the relation

ϕ̄(x) +
∂L

∂u
(x, ȳ(x), s̄(x)) = 0

we get that

∂2L

∂u2
(x, ȳ(x), θ(x)s̄(x))s̄(x) = −ϕ̄(x)− ∂L

∂u
(x, ȳ(x), 0),

which along with (H2) lead to

Λ|s̄(x)| ≤ |ϕ̄(x)|+
∣∣∣∣
∂L

∂u
(x, ȳ(x), 0)

∣∣∣∣ ≤ C ∀x ∈ Ω.

Now let us prove that s̄ is Lipschitz. For it we use (H2), the
properties of L enounced in (H1), the fact that ȳ and ϕ̄ are Lipschitz
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functions (due to the inclusion W 2,p(Ω) ⊂ C0,1(Ω̄)) and the equation
above satisfied by s̄(x). Let x1, x2 ∈ Ω̄

Λ|s̄(x2)− s̄(x1)| ≤ |∂L

∂u
(x2, ȳ(x2), s̄(x2))− ∂L

∂u
(x2, ȳ(x2), s̄(x1))| =

|ϕ̄(x1)− ϕ̄(x2) +
∂L

∂u
(x1, ȳ(x1), s̄(x1))− ∂L

∂u
(x2, ȳ(x2), s̄(x1))| ≤

|ϕ̄(x1)− ϕ̄(x2)|+ CM (|ȳ(x1)− ȳ(x2)|+ |x2 − x1|) ≤ C|x2 − x1|.
Finally, from (2.9) and the fact that (∂L/∂u) is an increasing function
of the third variable we have

α < ū(x) < β ⇒ ϕ̄(x) +
∂L

∂u
(x, ȳ(x), ū(x)) = 0 ⇒ ū(x) = s̄(x),

ū(x) = β ⇒ ϕ̄(x) +
∂L

∂u
(x, ȳ(x), ū(x)) ≤ 0 ⇒ ū(x) ≤ s̄(x),

ū(x) = α ⇒ ϕ̄(x) +
∂L

∂u
(x, ȳ(x), ū(x)) ≥ 0 ⇒ ū(x) ≥ s̄(x),

which implies (2.11). ¤

Remark 2.7. If the assumption (H2) does not hold, then the op-
timal controls can be discontinuous. The most obvious case is the one
where L is independent of u, in this case (2.9) is reduced to

∫

Ω

ϕ̄(x)(u(x)− ū(x)) dx ≥ 0 ∀u ∈ K,

which leads to

ū(x) =

{
α if ϕ̄(x) > 0
β if ϕ̄(x) < 0

a.e. x ∈ Ω.

If ϕ̄ vanishes in a set of points of zero measure, then ū jumps from α
to β. Such a control ū is called a bang-bang control. The controls of
this nature are of great interest in the applications due to the easiness
to automate the control process. All the results presented previously
are valid without the assumption (H2), except Theorem 2.6.

Remark 2.8. A very frequent case is given by the function L(x, y, u) =
[(y−yd(x))2 +Nu2]/2, where N > 0 and yd ∈ L2(Ω) is a fixed element.
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In this case, (2.9) leads to

ū(x) = ProyK

(
− 1

N
ϕ̄

)
(x) =





α if − 1

N
ϕ̄(x) < α,

β if − 1

N
ϕ̄(x) > β,

− 1

N
ϕ̄(x) if α ≤ − 1

N
ϕ̄(x) ≤ β.

In this case s̄ = −ϕ̄/N .
If furthermore we assume that K = L2(Ω), then (2.9) implies that

ū = −(1/N)ϕ̄. Thus ū has the same regularity than ϕ̄. Therefore ū
will be the more regular as much as greater be the regularity of yd, Γ,
φ and the coefficients of operator A. In particular we can get C∞(Ω̄)-
regularity if all the data of the problem are of class C∞.

Remark 2.9. If we consider the boundary control problem formu-
lated in §1.3.2, then the corresponding optimality system is

{
Aȳ + φ(ȳ) = f in Ω,
∂νA

ȳ = ū on Γ,

{
A?ϕ̄ + φ′(ȳ)ϕ̄ = ȳ − yd in Ω,
∂νA? ϕ̄ = 0 on Γ,

∫

Γ

(
ϕ̄(x) + N |ū(x)|r−2ū(x)

)
(v(x)− ū(x))dσ(x) ≥ 0 ∀v ∈ K.

Thus if N > 0 and K = Lr(Γ), with r > n− 1, we get from the last
inequality

ū(x) =
−1

N1/(r−1)
|ϕ̄(x)|(2−r)/(r−1)ϕ̄(x),

which allows a regularity study of ū in terms of the function ϕ̄. If K is
the set of controls of L∞(Γ) bounded by α and β, then

ū(x) = Proy[α,β](
−1

N1/(r−1)
|ϕ̄(x)|(2−r)/(r−1)ϕ̄(x)).
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Remark 2.10. Let us see the expression of the the optimality sys-
tem corresponding to the problem formulated in §1.3.3:




∂ȳ

∂t
+ Aȳ = f in ΩT ,

∂νA
ȳ + b(x, t, ȳ) = ū on ΣT ,

ȳ(x, 0) = y0(x) in Ω,





−∂ϕ̄

∂t
+ A?ϕ̄ =

∂L

∂y
(x, t, ȳ) in ΩT ,

∂νA∗ ϕ̄ +
∂b

∂y
(x, t, ȳ)ϕ̄ =

∂l

∂y
(x, t, ȳ, ū) on ΣT ,

ϕ̄(x, T ) = 0 in Ω,∫

ΣT

{
ϕ̄ +

∂l

∂u
(x, t, ȳ, ū)

}
(u− ū)dσ(x)dt ≥ 0 ∀u ∈ K.

Of course the convenient differentiability hypotheses on the func-
tions b, L and l should be done to obtain the previous system, but this
is a question that will not analyze here. Simply we intend to show how
the adjoint state equation in problems of optimal control of parabolic
equations is formulated.

Remark 2.11. In the case of control problems with state con-
straints it is more difficult to derive the optimality conditions, mainly
in the case of pointwise state constraints, for instance |y(x)| ≤ 1 for
every x ∈ Ω. In fact this is an infinity number of constraints, one
constraint for every point of Ω. The reader is referred to Bonnans and
Casas [4], [5], [8].

It is possible to give an optimality system without making any de-
rivative with respect to the control of the functions involved in the
problem. These conditions are known as Pontryagin Maximum Princi-
ple. This result, first stated for control problems of ordinary differential
equations (see [40]), has been later extended to problems governed by
partial differential equations; see Bonnans and Casas [7], [8], Casas
[13], [15], Casas, Raymond and Zidani [28], [29], Casas and Yong
[31], Fattorini [34], Li and Yong [37]. This principle provides some
optimality conditions more powerful than those obtained by the gen-
eral optimization methods. In particular, it is possible to deduce the
optimality conditions in the absence of convexity of the set of controls
K and differentiability properties with respect to the control of the
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functionals involved in the control problem. As far as I know in [29]
the reader can find the most general result on the Pontryagin principle
for control problems governed by partial differential equations.

Difficulties also appear to obtain the optimality conditions in the
case of state equations with more complicated linearities than those
presented in these notes. This is the case for the quasilinear equations;
see Casas y Fernández [19], [20]. Sometimes the non linearity causes
the system to have multiple solutions for some controls while for other
there is no solution; see Bonnans and Casas [6] and Casas, Kavian
and Puel [21]. A situation of this nature, especially interesting by
the applications, is the one that arises in the control of the Navier-
Stokes equations; see Abergel and Casas [1], Casas [14], [16] and Casas,
Mateos and Raymond [25].

2.2. Second Order Optimality Conditions

Let ū be a local minimum of (P), ȳ and ϕ̄ being the associated state
and adjoint state respectively. In order to simplify the notation we will
consider the function

d̄(x) =
∂L

∂u
(x, ȳ(x), ū(x)) + ϕ̄(x).

From (2.9) it follows

(2.12) d̄(x) =





0 a.e. x ∈ Ω if α < ū(x) < β,
≥ 0 a.e. x ∈ Ω if ū(x) = α,
≤ 0 a.e. x ∈ Ω if ū(x) = β.

The following cone of critical directions is essential in the formula-
tion of the second order optimality conditions.

Cū = {v ∈ L2(Ω) satisfying (2.13) and v(x) = 0 if d̄(x) 6= 0},

(2.13) v(x) =

{ ≥ 0 a.e. x ∈ Ω if ū(x) = α,
≤ 0 a.e. x ∈ Ω if ū(x) = β.

Now we can to formulate the necessary and sufficient conditions for
optimality.

Theorem 2.12. Under the hypotheses (H1) and (H2), if ū is a
local minimum of (P), then

(2.14) J ′′(ū)v2 ≥ 0 ∀v ∈ Cū.

Reciprocally, if ū ∈ K fulfills the first order optimality conditions (2.7)–
(2.9) and the condition

(2.15) J ′′(ū)v2 > 0 ∀v ∈ Cū \ {0},
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then there exist δ > 0 and ε > 0 such that

(2.16) J(u) ≥ J(ū) +
δ

2
‖u− ū‖2

L2(Ω) ∀u ∈ K ∩ B̄ε(ū),

where B̄ε(ū) is the unit closed ball in L∞(Ω) with center at ū and radius
ε.

Proof. i)- Let us assume that ū is a local minimum of (P) and
prove (2.14). Firstly let us take v ∈ Cū ∩ L∞(Ω). For every 0 < ρ <
β − α we define

vρ(x) =

{
0 if α < ū(x) < α + ρ or β − ρ < ū(x) < β,

v(x) otherwise.

Then we still have that vρ ∈ Cū ∩ L∞(Ω). Moreover vρ → v when
ρ → 0 in Lp(Ω) for every p < +∞ and ū + λvρ ∈ K for every λ ∈
(0, ρ/‖v‖L∞(Ω)]. By using the optimality of ū it comes

0 ≤ J(ū + λvρ)− J(ū)

λ
= J ′(ū)vρ +

λ

2
J ′′(ū + θλλvρ)v

2
ρ,

with 0 < θλ < 1. From this inequality and the following identity

J ′(ū)vρ =

∫

Ω

(
∂L

∂u
(x, ȳ(x), ū(x)) + ϕ̄(x))vρ(x) dx =

∫

Ω

d̄(x)vρ(x) dx = 0,

we deduce by passing to the limit when λ → 0

0 ≤ J ′′(ū + θλλvρ)v
2
ρ → J ′′(ū)v2

ρ.

Now from the expression of the second derivative J ′′ given by (2.5), we
can pass to the limit in the previous expression when ρ → 0 and get
that J ′′(ū)v2 ≥ 0.

To conclude this part we have to prove the same inequality for any
v ∈ Cū, not necessarily bounded. Let us take v in Cū and consider

vk(x) = Proy[−k,+k](v(x)) = min{max{−k, v(x)}, +k}.
Then vk → v en L2(Ω) and vk ∈ Cū ∩ L∞(Ω), which implies that
J ′′(ū)v2

k ≥ 0. Passing again to the the limit when k → +∞, we deduce
(2.14).

ii)- Now let us assume that (2.15) holds and prove (2.16). We argue
by contradiction and assume that for any k ∈ N we can find an element
uk ∈ K such that

(2.17) ‖ū− uk‖L∞(Ω) <
1

k
y J(uk) < J(ū) +

1

k
‖uk − ū‖2

L2(Ω).

Let us define

δk = ‖uk − ū‖L2(Ω) y vk =
1

δk

(uk − ū).
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By taking a subsequence if necessary, we can suppose that vk ⇀ v
weakly in L2(Ω). By using the equation (2.2) it is easy to check that

lim
k→∞

zk = lim
k→∞

G′(ū)vk = G′(ū)v = z strongly in H1
0 (Ω) ∩ L∞(Ω).

On the other hand, from the properties of L established in the hypoth-
esis (H1) we get for all 0 < θk < 1

|[J ′′(ū + θkδkvk)− J ′′(ū)]v2
k| ≤

(2.18) C‖θkδkvk‖L∞(Ω)‖vk‖2
L2(Ω) ≤ C‖uk − ū‖L∞(Ω) → 0.

From (2.17) it comes

1

k
‖uk − ū‖2

L2(Ω) > J(uk)− J(ū) = J(ū + δkvk)− J(ū) = δkJ
′(ū)vk+

(2.19)
δ2
k

2
J ′′(ū + θkδkvk)v

2
k ≥

δ2
k

2
J ′′(ū + θkδkvk)v

2
k.

The last inequality follows from (2.9) along with the fact that uk ∈ K
and therefore

δkJ
′(ū)vk = J ′(ū)(uk − ū) =

∫

Ω

d̄(x)(uk(x)− ū(x)) dx ≥ 0.

From the strong convergence zk → z in L∞(Ω), the weak con-
vergence vk ⇀ v in L2(Ω), the expression of J ′′ given by (2.5), the
hypothesis (H2), (2.18) and the inequality (2.19) we deduce

J ′′(ū)v2 ≤ lim inf
k→∞

J ′′(ū)v2
k ≤ lim sup

k→∞
J ′′(ū)v2

k ≤

lim sup
k→∞

|[J ′′(ū + θkδkvk)− J ′′(ū)]v2
k|+

(2.20) lim sup
k→∞

J ′′(ū + θkδkvk)v
2
k ≤ lim sup

k→∞

2

k
= 0.

Now let us prove that J ′′(ū)v2 ≥ 0 to conclude that J ′′(ū)v2 = 0. For
it we are going to use the sufficient second order condition (2.15). First
we have to prove that v ∈ Cū. Let us remark that every vk satisfies
the sign condition (2.13). Since the set of functions of L2(Ω) verifying
(2.13) is convex and closed, then it is weakly closed, which implies that
v belongs to this set and consequently it also satisfies (2.13). Let us see
that d̄(x)v(x) = 0. From (2.12) and (2.13) we get that d̄(x)v(x) ≥ 0.
Using the mean value theorem and (2.17) we get

J(uk)− J(ū) = J ′(ū + θk(uk − ū))(uk − ū) <
δ2
k

k
,
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which leads to∫

Ω

|d̄(x)v(x)| dx =

∫

Ω

d̄(x)v(x) dx = J ′(ū)v =

lim
k→∞

J ′(ū + θk(uk − ū))vk = lim
k→∞

1

δk

J ′(ū + θk(uk − ū))(uk − ū) = 0.

Thus we have that v ∈ Cū. Therefore (2.15) and (2.20) is only possible
if v = 0. Combining this with (2.20) it comes

lim
k→∞

J ′′(ū)v2
k = 0.

Once again using (H2) and the expression (2.5), we deduce from the
above identity and the weak and strong convergences of {vk} and {zk}
respectively that

0 < Λ ≤ lim inf
k→∞

∫

Ω

∂2L

∂u2
(x, ȳ, ū)v2

k dx ≤ lim sup
k→∞

∫

Ω

∂2L

∂u2
(x, ȳ, ū)v2

k dx =

lim
k→∞

J ′′(ū)v2
k − lim

k→∞

∫

Ω

[
∂2L

∂y2
(x, ȳ, ū)z2

k +
∂2L

∂y∂u
(x, ȳ, ū)vkzk

−ϕ̄φ′′(ȳ)z2
k

]
dx = 0,

which provides the desired contradiction. ¤
We will finish this chapter by proving a very important result to

deduce the error estimates of the approximations of problem (P).

Theorem 2.13. Under the hypotheses (H1) and (H2), if ū ∈ K
satisfies (2.7)-(2.9), then the following statements are equivalent

(2.21) J ′′(ū)v2 > 0 ∀v ∈ Cū \ {0}
and

(2.22) ∃δ > 0 y ∃τ > 0 / J ′′(ū)v2 ≥ δ‖v‖2
L2(Ω) ∀v ∈ Cτ

ū ,

where

Cτ
ū = {v ∈ L2(Ω) satisfying (2.13) and v(x) = 0 if |d̄(x)| > τ}.

Proof. Since Cū ⊂ Cτ
ū for all τ > 0, it is obvious that (2.22)

implies (2.21). Let us prove the reciprocal implication. We proceed by
contradiction and assume that for any τ > 0 there exists vτ ∈ Cτ

ū such
that J ′′(ū)v2

τ < τ‖vτ‖2
L2(Ω). Dividing vτ by its norm we can assume

that

(2.23) ‖vτ‖L2(Ω) = 1, J ′′(ū)v2
τ < τ and vτ ⇀ v en L2(Ω).
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Let us prove that v ∈ Cū. Arguing as in the proof of the previous
theorem we get that v satisfies the sign condition (2.13). On the other
hand ∫

Ω

|d̄(x)v(x)| dx =

∫

Ω

d̄(x)v(x) dx =

lim
τ→0

∫

Ω

d̄(x)vτ (x) dx = lim
τ→0

∫

|d̄(x)|≤τ

d(x)vτ (x) dx ≤

lim
τ→0

τ

∫

Ω

|vτ (x)| dx ≤ lim
τ→0

τ
√

m(Ω)‖vτ‖L2(Ω) = 0,

which proves that v(x) = 0 if d̄(x) 6= 0. Thus we have that v ∈ Cū.
Then (2.21) implies that either v = 0 or J ′′(ū)v2 > 0. But (2.23) leads
to

J ′′(ū)v2 ≤ lim inf
τ→0

J ′′(ū)v2
τ ≤ lim sup

τ→0
J ′′(ū)v2

τ ≤ 0.

Thus we conclude that v = 0. Once again arguing as in the proof of
the previous theorem we deduce that

0 < Λ ≤ lim
τ→0

∫

Ω

∂2L

∂u2
(x, ȳ, ū)v2

τ dx = lim
τ→0

J ′′(ū)v2
τ−

lim
τ→0

∫

Ω

[
∂2L

∂y2
(x, ȳ, ū)z2

τ +
∂2L

∂y∂u
(x, ȳ, ū)vτzτ − ϕ̄φ′′(ȳ)z2

τ

]
dx = 0,

Which leads to the desired contradiction. ¤
Remark 2.14. The fact that the control u appears linearly in the

state equation and the hypothesis (H2) have been crucial to deduce
the second order optimality conditions proved in this chapter. As a
consequence of both assumptions, the functional J ′′(ū) is a Legendre
quadratic form in L2(Ω), which simplifies the proof, allowing us to
follow the method of proof used in finite dimensional optimization; see
Bonnans and Zidani [9]. In the absence of one of these assumptions,
the condition (2.15) is not enough to assure the optimality; see Casas
and Tröltzsch [30] and Casas and Mateos [22].



CHAPTER 3

Numerical Approximation

In order to simplify the presentation we will assume that Ω is con-
vex.

3.1. Finite Element Approximation of (P)

Now we consider a based finite element approximation of (P). As-
sociated with a parameter h we consider a family of triangulations
{Th}h>0 of Ω̄. To every element T ∈ Th we assign two parameters ρ(T )
and σ(T ), where ρ(T ) denotes the diameter of T and σ(T ) is the di-
ameter of the biggest ball contained in T . The size of the grid is given
by h = maxT∈Th

ρ(T ). The following usual regularity assumptions on
the triangulation are assumed.

(i) - There exist two positive constants ρ and σ such that

ρ(T )

σ(T )
≤ σ,

h

ρ(T )
≤ ρ

for every T ∈ Th and all h > 0.

(ii) - Let us set Ωh = ∪T∈Th
T , Ωh and Γh its interior and boundary

respectively. We assume that the vertices of Th placed on the boundary
Γh are points of Γ. From [41, inequality (5.2.19)] we know

(3.1) measure(Ω \ Ωh) ≤ Ch2.

Associated to these triangulations we define the spaces

Uh = {u ∈ L∞(Ωh) | u|T is constant on each T ∈ Th},

Yh = {yh ∈ C(Ω̄) | yh|T ∈ P1, for every T ∈ Th, and yh = 0 in Ω̄ \Ωh},

where P1 is the space formed by the polynomials of degree less than
or equal to one. For every u ∈ L2(Ω), we denote by yh(u) the unique
element of Yh satisfying

(3.2) a(yh(u), qh) +

∫

Ω

φ(yh(u))qh dx =

∫

Ω

uqh dx ∀qh ∈ Yh,

25
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where a : Yh × Yh −→ R is the bilinear form defined by

a(yh, qh) =

∫

Ω

(
n∑

i,j=1

aij(x)∂xi
yh(x)∂xj

qh(x) + a0(x)yh(x)qh(x)) dx.

In other words, yh(u) is the discrete state associated with u. Let us
remark that yh = zh = 0 on Ω̄ \ Ωh, therefore the above integrals can
be replaced by the integrals in Ωh. Therefore the values of u in Ω \Ωh

do not contribute to the computation of yh(u), consequently we can
define yh(uh) for any uh ∈ Uh. In particular for any extension of uh to
Ω, the discrete state yh(u) is the same.

The finite dimensional approximation of the optimal control prob-
lem (P) is defined in the following way

(Ph)





min Jh(uh) =
∫
Ωh

L(x, yh(uh)(x), uh(x)) dx,

such that (yh(uh), uh) ∈ Yh × Uh,

α ≤ uh(x) ≤ β a.e. x ∈ Ωh.

Let us start the study of problem (Ph) by analyzing the differentia-
bility of the functions involved in the control problem. We just enounce
the differentiability results analogous to the ones of §2.1.

Proposition 3.1. For every u ∈ L∞(Ω), problem (3.2) has a
unique solution yh(u) ∈ Yh, the mapping Gh : L∞(Ω) −→ Yh, defined by
Gh(u) = yh(u), is of class C2 and for all v, u ∈ L∞(Ω), zh(v) = G′

h(u)v
is the solution of

(3.3) a(zh(v), qh) +

∫

Ω

φ′(yh(u))zh(v)qh dx =

∫

Ω

vqh dx ∀qh ∈ Yh

Finally, for every v1, v2 ∈ L∞(Ω), zh(v1, v2) = G′′(u)v1v2 ∈ Yh is the
solution of the variational equation:

(3.4) a(zh, qh) +

∫

Ω

φ′(yh(u))zhqh dx +

∫

Ω

φ′′(yh(u))zh1zh2qhdx = 0

∀qh ∈ Yh, where zhi = G′
h(u)vi, i = 1, 2.

Proposition 3.2. Functional Jh : L∞(Ω) → R is of class C2.
Moreover for all u, v, v1, v2 ∈ L∞(Ω)

(3.5) J ′h(u)v =

∫

Ωh

(
∂L

∂u
(x, yh(u), u) + ϕh(u)

)
v dx

and

J ′′h(u)v1v2 =

∫

Ωh

[
∂2L

∂y2
(x, yh(u), u)zh(v1)zh(v2)+
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∂2L

∂y∂u
(x, yh(u), u)[zh(v1)v2 + zh(v2)v1]+

(3.6)
∂2L

∂u2
(x, yh(u), u)v1v2 − ϕh(u)φ′′(yh(u))zh1zh2

]
dx

where yh(u) = Gh(u) and ϕh(u) ∈ Yh is the unique solution of the
problem

(3.7)

a(qh, ϕh(u)) +

∫

Ω

φ′(yh(u))ϕh(u)qh dx =

∫

Ω

∂L

∂y
(x, yh(u), u)qh dx ∀qh ∈ Yh,

with zhi = G′
h(u)vi, i = 1, 2.

We conclude this section by studying the existence of a solution
of problem (Ph) and establishing the first order optimality conditions.
The second order conditions are analogous to those proved for prob-
lem (P) and they can be obtained by the classical methods of finite
dimensional optimization.

In the sequel we will denote

Kh = {uh ∈ Uh : α ≤ uh|T ≤ β ∀T ∈ Th}.
Theorem 3.3. For every h > 0 problem (Ph) has at least one

solution. If ūh is a local minimum of (Ph), then there exist ȳh, ϕ̄h ∈ Yh

such that

(3.8) a(ȳh, qh) +

∫

Ω

φ(ȳh)qh(x) dx =

∫

Ω

ūh(x)qh(x) dx ∀qh ∈ Yh,

(3.9) a(qh, ϕ̄h) +

∫

Ω

φ′(ȳh)ϕ̄hqh dx =

∫

Ω

∂L

∂y
(x, ȳh, ūh)qh dx ∀qh ∈ Yh,

(3.10)

∫

Ωh

{
ϕ̄h +

∂L

∂u
(x, ȳh, ūh)

}
(uh − ūh)dx ≥ 0 ∀uh ∈ Kh.

Proof. The existence of a solution is an immediate consequence
of the compactness of Kh in Uh and the continuity of Jh in Kh. The
optimality system (3.8)-(3.10) follows from Lemma 2.1 and Proposition
3.2. ¤

From this theorem we can deduce a representation of the local min-
ima of (Ph) analogous to that obtained in Theorem 2.6.
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Theorem 3.4. Under the hypotheses (H1) and (H2), if ūh is a
local minimum of (Ph), and ȳh and ϕ̄h are the state and adjoint state
associated to ūh, then for every T ∈ Th the equation

(3.11)

∫

T

[ϕ̄h(x) +
∂L

∂u
(x, ȳh(x), t)] dx = 0,

has a unique solution t̄ = s̄T . The mapping s̄h ∈ Uh, defined by s̄h|T =
s̄T , is related with ūh by the formula

(3.12) ūh(x) = Proj[α,β](s̄h(x)) = max(α, min(β, s̄h(x))).

Proof. The existence of a unique solution of (3.11) is a conse-
quence of hypothesis (H2). Let us denote by ūT the restriction of ūh

to T . From the definition of Uh and (3.10) we deduce that
∫

T

{
ϕ̄h +

∂L

∂u
(x, ȳh, ūT )

}
dx(t− ūT ) ≥ 0 ∀t ∈ [α, β] and ∀T ∈ Th.

From here we get

α < ūT < β ⇒
∫

T

{
ϕ̄h +

∂L

∂u
(x, ȳh, ūT )

}
dx = 0 ⇒ ūT = s̄T ,

ūT = β ⇒
∫

T

{
ϕ̄h +

∂L

∂u
(x, ȳh, ūT )

}
dx ≤ 0 ⇒ ūT ≤ s̄T ,

ūT = α ⇒
∫

T

{
ϕ̄h +

∂L

∂u
(x, ȳh, ūT )

}
dx ≥ 0 ⇒ ūT ≥ s̄T ,

which implies (3.12). ¤

3.2. Convergence of the Approximations

In this section we will prove that the solutions of the discrete prob-
lems (Ph) converge strongly in L∞(Ωh) to solutions of problem (P). We
will also prove that the strict local minima of problem (P) can be ap-
proximated by local minima of problems (Ph). In order to prove these
convergence results we will use two lemmas whose proofs can be found
in [2] and [23].

Lemma 3.5. Let (v, vh) ∈ L∞(Ω) × Uh satisfy ‖v‖L∞(Ω) ≤ M and
‖vh‖L∞(Ωh) ≤ M . Let us assume that yv and yh(vh) are the solutions of
(1.1) and (3.2) corresponding to v and vh respectively. Moreover let ϕv
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and ϕh(vh) be the solutions of (2.6) and (3.7) corresponding to v and
vh respectively. Then the following estimates hold

(3.13) ‖yv−yh(vh)‖H1(Ωh)+‖ϕv−ϕh(vh)‖H1(Ωh) ≤ C(h+‖v−vh‖L2(Ωh)),

(3.14) ‖yv−yh(vh)‖L2(Ωh)+‖ϕv−ϕh(vh)‖L2(Ωh) ≤ C(h2+‖v−vh‖L2(Ωh)),

(3.15) ‖yv−yh(vh)‖L∞(Ωh)+‖ϕv−ϕh(vh)‖L∞(Ωh) ≤ C(h+‖v−vh‖L2(Ωh)),

where C ≡ C(Ω, n,M) is a positive constant independent of h.

Estimate (3.15) was not proved in [2], but it follows from [2] and the
uniform error estimates for the discretization of linear elliptic equations;
see for instance Schatz [43, Estimate (0.5)] and the references therein.

Lemma 3.6. Let {uh}h>0 be a sequence, with uh ∈ Kh and uh ⇀ u
weakly in L1(Ω), then yh(uh) → yu and ϕh(uh) → ϕu in H1

0 (Ω)∩C(Ω̄)
strongly. Moreover J(u) ≤ lim infh→0 Jh(uh).

Let us remark that uh is only defined in Ωh, then we need to precise
what uh ⇀ u weakly in L1(Ω) means. It means that∫

Ωh

ψuh dx →
∫

Ω

ψu dx ∀ψ ∈ L∞(Ω).

Since the measure of Ω \Ωh tends to zero when h → 0, then the above
property is equivalent to∫

Ω

ψũh dx →
∫

Ω

ψu dx ∀ψ ∈ L∞(Ω)

for any uniformly bounded extension ũh of uh to Ω. Analogously we
can define the ∗weak convergence in L∞(Ω).

Theorem 3.7. Let us assume that (H1) and (H2) hold. For every
h > 0 let ūh be a solution of (Ph). Then there exist subsequences of
{ūh}h>0 converging in the ∗weak topology of L∞(Ω), that will be denoted
in the same form. If ūh ⇀ ū in the mentioned topology, then ū is a
solution of (P) and the following identities hold

(3.16) lim
h→0

Jh(ūh) = J(ū) = inf(P ) and lim
h→0

‖ū− ūh‖L∞(Ωh) = 0.

Proof. The existence of subsequences converging in the ∗weak
topology of L∞(Ω) is a consequence of the boundedness of {ūh}h>0,
α ≤ ūh(x) ≤ β for every h > 0 and x ∈ Ωh. Let ū be a limit point of
one of these converging subsequences and prove that ū is a solution of
(P). Let ũ be a solution of (P). From Theorem 2.6 we deduce that ũ is
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Lipschitz in Ω̄. Let us consider the operator Πh : L1(Ω) −→ Uh defined
by

Πhu|T =
1

m(T )

∫

T

u(x) dx ∀T ∈ Th.

Let uh = Πhũ ∈ Uh, it is easy to prove that

‖ũ− uh‖L∞(Ωh) ≤ Λũh,

where Λũ is the Lipschitz constant of ũ. By applying Lemmas 3.5 and
3.6 we get

J(ū) ≤ lim inf
h→0

Jh(ūh) ≤ lim sup
h→0

Jh(ūh) ≤

≤ lim sup
h→0

Jh(uh) = J(ũ) = inf (P) ≤ J(ū),

which proves that ū is a solution of (P) and

lim
h→0

Jh(ūh) = J(ū) = inf(P ).

Let us prove now the uniform convergence ūh → ū. From (2.11) and
(3.12) follows

‖ū− ūh‖L∞(Ωh) ≤ ‖s̄− s̄h‖L∞(Ωh),

therefore it is enough to prove the uniform convergence of {s̄h}h>0 to
s̄. On the other hand, from (3.11) we have that

∫

T

[ϕ̄h(x) +
∂L

∂u
(x, ȳh(x), s̄h|T )] dx = 0.

From this equality and the continuity of the integrand with respect to
x it follows the existence of a point ξT ∈ T such that

(3.17) ϕ̄h(ξT ) +
∂L

∂u
(ξT , ȳh(ξT ), s̄h(ξT )) = 0.

Given x ∈ Ωh, let T ∈ Th be such that x ∈ T . Since s̄h is constant in
each element T

|s̄(x)− s̄h(x)| ≤ |s̄(x)− s̄(ξT )|+ |s̄(ξT )− s̄h(ξT )| ≤
Λs̄|x− ξT |+ |s̄(ξT )− s̄h(ξT )| ≤ Λs̄h + |s̄(ξT )− s̄h(ξT )|,

where Λs̄ is the Lipschitz constant of s̄. Thus it remains to prove
the convergence s̄h(ξT ) → s̄(ξT ) for every T . For it we will use again
the strict positivity of the second derivative of L with respect to u
(Hypothesis (H2)) along with (3.17) and the fact that s̄(x) is the
solution of the equation (2.10) to get

Λ|s̄(ξT )− s̄h(ξT )| ≤
∣∣∣∣
∂L

∂u
(ξT , ȳh(ξT ), s̄(ξT ))− ∂L

∂u
(ξT , ȳh(ξT ), s̄h(ξT ))

∣∣∣∣ ≤
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∣∣∣∣
∂L

∂u
(ξT , ȳh(ξT ), s̄(ξT ))− ∂L

∂u
(ξT , ȳ(ξT ), s̄(ξT ))

∣∣∣∣ +

∣∣∣∣
∂L

∂u
(ξT , ȳ(ξT ), s̄(ξT ))− ∂L

∂u
(ξT , ȳh(ξT ), s̄h(ξT ))

∣∣∣∣ =

∣∣∣∣
∂L

∂u
(ξT , ȳh(ξT ), s̄(ξT ))− ∂L

∂u
(ξT , ȳ(ξT ), s̄(ξT ))

∣∣∣∣ + |ϕ̄(ξT )− ϕ̄h(ξT )| → 0

thanks to the uniform convergence ȳh → ȳ and ϕ̄h → ϕ̄ (Lemma 3.6).
¤

In a certain way, next result is the reciprocal one to the previous
theorem. The question we formulate now is wether a local minimum
u of (P) can be approximated by a local minimum uh of (Ph). The
answer is positive if the local minimum u is strict. In the sequel, Bρ(u)
will denote the open ball of L∞(Ω) with center at u and radius ρ. B̄ρ(u)
will denote the corresponding closed ball.

Theorem 3.8. Let us assume that (H1) and (H2) hold. Let ū be
a strict local minimum of (P). Then there exist ε > 0 and h0 > 0 such
that (Ph) has a local minimum ūh ∈ Bε(ū) for every h < h0. Moreover
the convergences (3.16) hold.

Proof. Let ε > 0 be such that ū is the unique solution of problem

(Pε)

{
min J(u)
u ∈ K ∩ B̄ε(ū).

Let us consider the problems

(Phε)

{
min Jh(uh)
uh ∈ Kh ∩ B̄ε(ū).

Let Πh : L1(Ω) −→ Uh be the operator introduced in the proof of the
previous theorem. It is obvious that Πhū ∈ Kh ∩ B̄ε(ū) for every h
small enough. Therefore Kh ∩ B̄ε(ū) is non empty and consequently
(Phε) has at least one solution ūh. Now we can argue as in the proof
of Theorem 3.7 to conclude that ‖ūh − ū‖L∞(Ωh) → 0, therefore ūh is
local solution of (Ph) in the open ball Bε(ū) as desired. ¤

3.3. Error Estimates

In this section we will assume that (H1) and (H2) hold and ū will
denote a local minimum of (P) satisfying the sufficient second order
condition for optimality (2.15) or equivalently (2.22). {ūh}h>0 will
denote a sequence of local minima of problems (Ph) such that ‖ū −
ūh‖L∞(Ωh) → 0; remind Theorems 3.7 and 3.8. The goal of this section
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is to estimate the error ū − ūh in the norms of L2(Ωh) and L∞(Ωh)
respectively. For it we are going to prove three previous lemmas.

For convenience, in this section we will extend ūh to Ω by taking
ūh(x) = ū(x) for every x ∈ Ω.

Lemma 3.9. Let δ > 0 be as in Theorem 2.13. Then there exists
h0 > 0 such that

(3.18)
δ

2
‖ū− ūh‖2

L2(Ωh) ≤ (J ′(ūh)− J ′(ū))(ūh − ū) ∀h < h0.

Proof. Let us set

d̄h(x) =
∂L

∂u
(x, ȳh(x), ūh(x)) + ϕ̄h(x)

and take δ > 0 and τ > 0 as in Theorem 2.13. We know that d̄h

converge uniformly to d̄ in Ω, therefore there exists hτ > 0 such that

(3.19) ‖d̄− d̄h‖L∞(Ω) <
τ

4
∀h ≤ hτ .

For every T ∈ Th we define

IT =

∫

T

d̄h(x) dx.

From (3.10) follows

ūh |T =

{
α if IT > 0
β if IT < 0.

Let us take 0 < h1 ≤ hτ such that

|d̄(x2)− d̄(x1)| < τ

4
if |x2 − x1| < h1.

This inequality along with (3.19) imply that

if ξ ∈ T and d̄(ξ) > τ ⇒ d̄h(x) >
τ

2
∀x ∈ T, ∀T ∈ T̂h, ∀h < h1,

hence IT > 0, therefore ūh |T = α, in particular ūh(ξ) = α. From (2.12)
we also have ū(ξ) = α. Then (ūh − ū)(ξ) = 0 whenever d̄(ξ) > τ and
h < h1. We can prove the analogous result when d̄(ξ) < −τ . On the
other hand, since α ≤ ūh(x) ≤ β, it is obvious (ūh − ū)(x) ≥ 0 if
ū(x) = α and (ūh − ū)(x) ≤ 0 if ū(x) = β. Thus we have proved that
(ūh − ū) ∈ Cτ

ū , remember that ū = ūh in Ω \ Ωh. Then (2.22) leads to

(3.20) J ′′(ū)(ūh − ū)2 ≥ δ‖ūh − ū‖2
L2(Ω) = δ‖ūh − ū‖2

L2(Ωh) ∀h < h1.
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On the other hand, by applying the mean value theorem, we get for
some 0 < θh < 1 that

(J ′(ūh)− J ′(ū))(ūh − ū) = J ′′(ū + θh(ūh − ū))(ūh − ū)2 ≥
(J ′′(ū + θh(ūh − ū))− J ′′(ū))(ūh − ū)2 + J ′′(ū)(ūh − ū)2 ≥

(δ − ‖J ′′(ū + θh(ūh − ū))− J ′′(ū)‖) ‖ūh − ū‖2
L2(Ω).

Finally it is enough to choose 0 < h0 ≤ h1 such that

‖J ′′(ū + θh(ūh − ū))− J ′′(ū)‖ ≤ δ

2
∀h < h0

to deduce (3.18). The last inequality can be obtained easily from the
relationship (2.5) thanks to the uniform convergence (ϕ̄h, ȳh, ūh) →
(ϕ̄, ȳ, ū) and hypothesis (H1). ¤

The next step consists in estimating the convergence of J ′h to J ′.

Lemma 3.10. There exists a constant C > 0 independent of h such
that for every u1, u2 ∈ K and every v ∈ L2(Ω), with v = 0 on Ω \ Ωh,
the following inequalities are fulfilled

(3.21) |(J ′h(u2)− J ′(u1))v| ≤ C
{
h2 + ‖u2 − u1‖L2(Ω)

} ‖v‖L2(Ωh).

Proof. By using the expression of the derivatives given by (2.4)
and (3.5) along with the inequality (3.1) we get

|(J ′h(u2)− J ′(u1))v|

≤
∫

Ωh

∣∣∣∣
(

∂L

∂u
(x, yh(u2), u2) + ϕh(u2)

)
−

(
∂L

∂u
(x, yu1 , u1) + ϕu1

)∣∣∣∣ |v| dx

≤ C
{‖ϕh(u2)− ϕu1‖L2(Ωh) + ‖yh(u2)− yu1‖L2(Ωh)

+‖u2 − u1‖L2(Ωh)

} ‖v‖L2(Ωh).

Now (3.21) follows from the previous inequality and (3.14). ¤

A key point in the derivation of the error estimate is to get a good
approximate of ū by a discrete control uh ∈ Kh satisfying J ′(ū)ū =
J ′(ū)uh. Let us define this control uh and prove that it fulfills the
required conditions. For every T ∈ Th let us set

IT =

∫

T

d̄(x) dx.
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We define uh ∈ Uh with uh|T = uhT for every T ∈ Th given by the
expression

(3.22) uhT =





1

IT

∫

T

d̄(x)ū(x) dx si IT 6= 0

1

m(T )

∫

T

ū(x) dx si IT = 0.

We extend this function to Ω by taking uh(x) = ū(x) for every
x ∈ Ω \ Ωh. This function uh satisfies our requirements.

Lemma 3.11. There exists h0 > 0 such that for every 0 < h < h0

the following properties hold

(1) uh ∈ Kh.
(2) J ′(ū)ū = J ′(ū)uh.
(3) There exists C > 0 independent of h such that

(3.23) ‖ū− uh‖L∞(Ωh) ≤ Ch.

Proof. Let Λū > 0 be the Lipschitz constant of ū and let us take
h0 = (β − α)/(2Λū), then for every T ∈ Th and every h < h0

|ū(ξ2)− ū(ξ1)| ≤ Λū|ξ2 − ξ1| ≤ Λūh <
β − α

2
∀ξ1, ξ2 ∈ T

which implies that ū cannot take the values α and β in a same element
T for any h < h0. Therefore the sign of d̄ in T must be constant thanks
to (2.12). Hence IT = 0 if and only if d̄(x) = 0 for all x ∈ T . Moreover
if IT 6= 0, then d̄(x)/IT ≥ 0 for every x ∈ T . As a first consequence
of this we get that α ≤ uhT ≤ β, which means that uh ∈ Kh. On the
other hand

J ′(ū)uh =

∫

Ω\Ωh

d̄(x)ūh(x) dx +
∑
T∈Th

(∫

T

d̄(x) dx

)
uhT

=

∫

Ω\Ωh

d̄(x)ū(x) dx +
∑
T∈Th

∫

T

d̄(x)ū(x) dx = J ′(ū)ū.

Finally let us prove (3.23). Since the sign of d̄(x)/IT is always non
negative and d̄ is a continuous function, we get for any of the two
possible definitions of uhT the existence of a point ξj ∈ T such that
uhT = ū(ξj). Hence for all x ∈ T

|ū(x)− uh(x)| = |ū(x)− uhT | = |ū(x)− ū(ξj)| ≤ Λū|x− ξj| ≤ Λūh,

which proves (3.23). ¤
Finally we get the error estimates.
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Theorem 3.12. There exists a constant C > 0 independent of h
such that

(3.24) ‖ū− ūh‖L2(Ω) ≤ Ch.

Proof. Taking u = ūh in (2.9) we get

(3.25) J ′(ū)(ūh − ū) =

∫

Ω

(
ϕ̄ +

∂L

∂u
(x, ȳ, ū)

)
(ūh − ū) dx ≥ 0.

From (3.10) with uh defined by (3.22) it follows

J ′h(ūh)(uh − ūh) =

∫

Ω

(
ϕ̄h +

∂L

∂u
(x, ȳh, ūh)

)
(uh − ūh) dx ≥ 0,

then

(3.26) J ′h(ūh)(ū− ūh) + J ′h(ūh)(uh − ū) ≥ 0.

Adding (3.25) and (3.26) and using Lemma 3.11-2, we deduce

(J ′(ū)− J ′h(ūh)) (ū− ūh) ≤ J ′h(ūh)(uh− ū) = (J ′h(ūh)− J ′(ū)) (uh− ū).

For h small enough, this inequality along with (3.18) imply

δ

2
‖ū− ūh‖2

L2(Ωh) ≤ (J ′(ū)− J ′(ūh)) (ū− ūh) ≤
(J ′h(ūh)− J ′(ūh)) (ū− ūh) + (J ′(ūh)− J ′(ū)) (uh − ū).

Using (3.21) with u2 = u1 = ūh and v = ū − ūh in the first addend
of the previous line and th expression of J ′ given by (2.4) along with
(3.14) for v = ū and vh = ūh, in the second addend, it comes

δ

2
‖ū− ūh‖2

L2(Ωh) ≤ C1h‖ū− ūh‖L2(Ωh)+

C2

(
h2 + ‖ū− ūh‖L2(Ωh)

) ‖ū− uh‖L2(Ωh).

From (3.23) and by using Young’s inequality in the above inequality
we deduce

δ

4
‖ū− ūh‖2

L2(Ωh) ≤ C3h
2,

which implies (3.24). ¤
Finally let us prove the error estimates in L∞(Ω).

Theorem 3.13. There exists a constant C > 0 independent of h
such that

(3.27) ‖ū− ūh‖L∞(Ωh) ≤ Ch.
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Proof. Let ξT be defined by (3.17). In the proof of Theorem 3.3
we obtained

‖ū− ūh‖L∞(Ωh) ≤ ‖s̄− s̄h‖L∞(Ωh) ≤ Λs̄h+

max
T∈Th

∣∣∣∣
∂L

∂u
(ξT , ȳh(ξT ), s̄(ξT ))− ∂L

∂u
(ξT , ȳ(ξT ), s̄(ξT ))

∣∣∣∣ + |ϕ̄(ξT )− ϕ̄h(ξT )|.
Using the hypothesis (H1), (3.15) and (3.24) we get

‖ū− ūh‖L∞(Ωh) ≤ Λs̄h + C(‖ȳ − ȳh‖L∞(Ωh) + ‖ϕ̄− ϕ̄h‖L∞(Ωh)) ≤
Λs̄h + C(h + ‖ū− ūh‖L2(Ωh)) ≤ Ch.

¤
Remark 3.14. Error estimates for problems with pointwise state

constraints is an open problem. The reader is referred to Deckelnick
and Hinze [32] for the linear quadratic case, when one side pointwise
state constraints and no control constraints. The case of integral state
constraints has been studied by Casas [17].

In Casas [18], the approximation of the control problem was done by
using piecewise linear continuous functions. For these approximations
the error estimate can be improved.

The case of Neumann boundary controls has been studied by Casas,
Mateos and Tröltzsch [26] and Casas and Mateos [24]. Casas and
Raymond considered the case of Dirichlet controls [27].
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