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Definition
An algebroid structure in the vector bundle τD : D→ Q is a
R-linear bracket BD : Γ(τD)× Γ(τD)→ Γ(τD) and two vector
bundle morphism ρlD : D→ TQ, and ρrD : D→ TQ (anchor
maps), such that

BD(fσ,gσ̄) = fρlD(σ)(g)σ̄− gρrD(σ̄)(f)σ+ fgBD(σ, σ̄)

for σ, σ̄ ∈ Γ(D) and f,g ∈ C∞(Q).

[Grabowski-Urbanski 1999 (Algebroids)], [Grabowska, Grabowski,
Urbanski 2006]
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• τD : D→ Q an algebroid (BD, ρlD, ρrD)

Suppose that (xi) are local coordinates on Q and that {σα} is a
local basis of the space Γ(τD) such that

BD(σα,σβ) = C
γ
αβσγ

ρlD(σα) = (ρlD)
i

α

∂

∂xi
, ρrD(σβ) = (ρrD)

j
β

∂

∂xj
.

The local functions C
γ
αβ, (ρlD)

i

α and (ρrD)jβ are called the local
structure functions of the algebroid τD : D→ Q.
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Γ(τD) : D→ Q an algebroid structure (BD, ρlD, ρrD)

m

Linear tensor ΠD∗ of type (2,0) on D∗

⇓
ΠD∗ = (ρrD)iα

∂

∂xi
⊗ ∂

∂pα
− (ρlD)

j

β

∂

∂pβ
⊗ ∂

∂xj
− C

γ
αβpγ

∂

∂pα
⊗ ∂

∂pβ

with (xi,pα) the induced local coordinates on D∗.

Linear algebroid
structure { , }ΠD∗


{xi, xj}ΠD∗ = 0
{xi,pa}ΠD∗ = −(ρlD)ia
{pa, xi}ΠD∗ = (ρrD)ia
{pa,pb}ΠD∗ = −Ccabpc

where (xi,pa) are the induced coordinates on D∗.

[Grabowski, Urbański(1995, 1999)], [Grabowska, Grabowski, Urbański(2006)].
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Definition

A curve γ : I→ D is ρlD-admissible (respectively, ρrE-admissible) if
d

dt
(τD ◦ γ) = ρlD ◦ γ (respectively,

d

dt
(τD ◦ γ) = ρrD ◦ γ).

H : D∗ → R Hamiltonian function on D∗.

Hamiltonian vector field H
ΠD∗
H of Hwith respect to ΠD∗ ,

that is,

H
ΠD∗
H (F) = −{H, F}ΠD∗ , for F ∈ C∞(D∗).

The integral curves of the vector field H
ΠD∗
H are the

solutions of the Hamilton equations for H.
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Therefore, the Hamiltonian vector field of H is given by

H
ΠD∗
H = (ρlD)

i

α

∂H

∂pα

∂

∂xi
−

(
(ρrD)

j
β

∂H

∂xj
− C

γ
αβpγ

∂H

∂pα

)
∂

∂pβ
,

which implies that the local expression of the Hamilton
equations is

dxi

dt
= (ρlD)

i

α

∂H

∂pα
,

dpβ

dt
= −

{
(ρrD)

j
β

∂H

∂xj
− C

γ
αβpγ

∂H

∂pα

}
.
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LetQ be an n-dimensional manifold. Let G a riemannian metric
on Q. For X ∈ X(Q)

ẋ = X(x)

G = Gij(x)dx
i ⊗ dxj.

[G : X(Q) −→ Λ1(Q), ]G : Λ1(Q) −→ X(Q)

f ∈ C∞(Q), gradG(f) = ]G(df) ⇒ gradG(f) = Gij
∂f

∂xj
∂

∂xi

where (Gij) is the inverse matrix of (Gij).

Levi-Civita connection
G
∇

[X, Y] =
G
∇X Y−

G
∇Y X (torsion-free)

X(G(Y,Z)) = G(
G
∇X Y,Z) + G(Y,

G
∇X Z) (metricity) ,

where X, Y,Z ∈ X(Q).
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• Symmetric product:

BTQ(X, Y) =
G
∇X Y+

G
∇Y X X, Y ∈ X(Q).

Locally, BTQ( ∂
∂xj

, ∂
∂xk

) =
(
Γ ijk + Γ ikj

)
∂
∂xi

= 2Γ ijk
∂
∂xi

.

• The anchor maps:

ρlTQ = idTQ and ρrTQ = −idTQ

The tangent bundle equipped with (BTQ, idTQ, −idTQ) is an
(symmetric) algebroid.
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An algebroid (BTQ, idTQ, −idTQ)
KS

��
Linear bivector ΠT∗Q in T∗Q

��

KS

ΠT∗Q = −
∂

∂xi
⊗ ∂

∂pj
−

∂

∂pj
⊗ ∂

∂xi
− 2Γkijpc

∂

∂pi
⊗ ∂

∂pj

where (xi,pa) are the induced coordinates on T∗Q.

Symmetric
structure { , }ΠD∗


{xi , xj}ΠT∗Q = 0
{xi ,pj}ΠT∗Q = −1
{pi , xj}ΠT∗Q = −1
{pi ,pj}ΠT∗Q = −2pkΓkij
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For X ∈ X(Q)

The hamiltonian function HX : T∗Q −→ R

HX(κx) = 〈κx,Xx〉 that is, HX(xi,pi) = piX
i(x).

(T∗Q, { , }ΠT∗Q , idTQ, −idTQ,h) is a hamiltonian system,

The Hamiltonian vector field H
ΠT∗Q
H on T∗Q:

H
ΠT∗Q
HX

(F) = −{HX, F}ΠT∗Q , for F ∈ C∞(T∗Q).

Hamilton equations:

ẋi = Xi(x)

ṗj = pk

(
∂Xk

∂xj
+ 2ΓkijX

i

)

These equations are the gradient extension of the nonlinear
equation ẋi = Xi(x).

[Cortés,van der Shaft,Crouch(2005)]
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Nonholonomic mechanical systems

τE : E→ Q a Lie algebroid with structure ([[· , ·]], ρE).
G : E×Q E→ R be a fiber metric.

The systems considered are the nonholonomic mechanical systems
determined by:

A Lagrangian function L:

L(e) =
1
2
G(e, e) − V(τ(e)), e ∈ E,

with V a potential function on Q.
Nonholonomic (linear) constraints determined by a vector
subbundle D of E.
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Let us consider the orthogonal decomposition E = D⊕D⊥, and
the associated orthogonal projectors

P : E −→ D Q : E −→ D⊥

We choose a local basis of sections of E, {σα}, adapted to (L,D),
that is:

(i) {σα} is an orthogonal basis with respect to G

(i.e., G(σα,σβ) = δαβ)

(ii) {σα} = {σa,σA} where D = span{σa}, D⊥ = span{σA},

(iii) and denote (xi,yα) = (xi,ya,yA) the induced coordinates
on E
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Motion equations of the nonholonomic mechanical
system

γ(t) = (xi(t),yα(t)) a curve in E

γ is a solution

m

ẋi = (ρE)iαy
α

G
∇γ(t) γ(t) − gradGV(γ(t)) ∈ D⊥γ(t)

yA = 0.

or equivalently

ẋi = (ρE)iay
a

ẏa + Ccaby
byc + (ρE)ia

∂V
∂xi

= 0
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Nonholonomic mechanics & Mechanics in
skew-symmetric algebroids

τD : D→ Q has a skew-symmetric algebroid structure:
For all σ, σ̄ ∈ Γ(τD) we define

BD(σ, σ̄) = P
(
[[iD ◦ σ, iD ◦ σ̄]]

)
ρD(σ) = ρE(iD ◦ σ̄)

Then the local structure functions are
BD(σa,σb) = P

(
[[σa,σb]]

)
= P

(
Ccabσc + Cαabσα

)
= Ccabσc,

ρD(σa) = (ρE)ia
∂
∂xi

D
� � ρD //

τD

��@
@@

@@
@@

@ TQ

τ
~~}}

}}
}}

}}

Q
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A skew-symmetric algebroid (D,BD, ρD)
KS

��
Linear bivector ΠD∗ in D∗

��

KS

ΠD∗ = (ρD)ia
∂

∂xi
∧

∂

∂pa
−

1
2
Ccabpc

∂

∂pa
∧

∂

∂pb
.

where (xi,pa) are the induced coordinates on D∗.

Linear almost Poisson
structure { , }ΠD∗


{xi, xj}ΠD∗ = 0
{xi,pa}ΠD∗ = (ρD)ia
{pa,pb}ΠD∗ = −Ccabpc
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Let h : D∗ → R be a Hamiltonian function on D∗.

(D∗, { , }ΠD∗ , ρD,h) is a hamiltonian system,

The Hamiltonian vector field H
ΠD∗
h on D∗:

H
ΠD∗
h (F) = −{h, F}ΠD∗ , for F ∈ C∞(D∗).

Hamilton equations:

ẋi = (ρD)ia
∂h

∂pa

ṗa = −

(
(ρD)ia

∂h

∂xi
+ Ccabpc

∂h

∂pb

)
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Motivation

The rolling disk
Configuration manifold: Q = R2 × S1 × S1

The lagrangian:

L(x,y, θ,ϕ) =
1
2
m(ẋ2 + ẏ2) +

1
2
Iθ̇2 +

1
2
Jϕ̇2

The restrictions: {
ẋ = R cosϕ θ̇

ẏ = R senϕ θ̇

D0 = span{
∂

∂θ
,
∂

∂φ
+ r cosθ

∂

∂x
+ r sinθ

∂

∂y
}.

Paula Balseiro – ICMAT (CSIC-UAM-UC3M-UCM)



Motivation

Control Forces: Fc = λ(dφ− dθ) =⇒ θ̇ = −φ̇.

Kinematic constraints:

D = span{r cosθ
∂

∂x
+ r sinθ

∂

∂y
−
∂

∂θ
+
∂

∂φ
}

Variational constraints:

D̃ = span{r cosθ
∂

∂x
+ r sinθ

∂

∂y
+
∂

∂θ
+
∂

∂φ
}
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γ(t) = (qi(t), vi(t)) =(
(xi(t),yi(t), θi(t),ϕi(t)); (ẋi(t), ẏi(t), θ̇i(t), ϕ̇i(t))

)
γ(t) in E is a solution of the generalized nonholonomic system

m

γ(t) ∈ Dq(t)
G
∇γ(t) γ(t) − gradGV(γ(t)) = Fc(γ(t)).

m + TqQ = Dq ⊕ D̃⊥q

γ(t) ∈ Dq(t)
G
∇γ(t) γ(t) − gradGV(γ(t)) ∈ D̃⊥q(t)
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Geometric formulation of the generalized
nonholonomic mechanics

τE : E→ Q a Lie algebroid ([[· , ·]], ρE).
Let G : E×Q E→ R a fiber metric.

A generalized nonholonomic mechanical system is determined
by:

A lagrangian function L:

L(e) =
1
2
G(e, e) − V(τ(e)), e ∈ E,

with V a potential function onM.
Kinematic constraints determined by the distribution D of
E,
Variational constraints determined by the distribution D̃.
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We assume the compatibility condition E = D⊕ D̃⊥.

Given local coordinates (xi) in Q and a local basis of sections in
E, {σα}, adapted to the generalized nonholonomic problem
(L,D, D̃):

(i) {σα} = {σa,σA} where D = span{σa}, D̃⊥ = span{σA}.

(ii) {σa} and {σA} are orthogonal with respect to G.

(iii) and denote (xi,yα) = (xi,ya,yA) the induced coordinates
on E.
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Motion equations of the generalized nonholonomic
system

γ(t) = (xi(t),yα(t)) curve in E

γ is a solution

m


ẋi = (ρE)iαy

α

G
∇γ(t) γ(t) + gradGV(γ(t)) ∈ D̃⊥τD(γ(t))

yA = 0
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After some computations we get

ẏc = Gcd
[
Cabd + GaBCBbd − GdACabA − GdAGaBCBbA

+GdA
∂GaA

∂xi
(ρE)ib

]
yayb

− Gcd
(
(ρE)id − GdA(ρE)iA

) ∂V
∂xi

ẋi = (ρE)iay
a

where Gαβ = [G−1]αβ

Then we rewrite the motion equations as:

ẏc = yaybC̃abc − (ρrD)ic
∂V

∂xi

ẋi = (ρlD)iay
a.
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For all σ, σ̄ ∈ Γ(τD) we define

BD(σ, σ̄) = P
(
[[iD ◦ σ, i

D̃
◦ Πσ̄]]

)
ρlD = ρE ◦ iD
ρrD = ρE ◦ iD̃ ◦ Π

where

P : D⊕D⊥ −→ D and Π : D̃⊕D⊥ −→ D̃

and

BD(σa,σb) = C̃cabσc,

ρlD(σa) = (ρE)ia
∂

∂xi

ρrD(σa) = Gad((ρE)id − GdA(ρE)iA)
∂

∂xi
.
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An algebroid (D,BD, ρlD, ρrD)
KS

��
2-contravariant linear tensor ΠD∗ in D∗

��

KS

ΠD∗ = (ρlD)ia
∂

∂xi
⊗ ∂

∂pa
−(ρrD)ia

∂

∂pa
⊗ ∂

∂xi
− C̃cabpc

∂

∂pa
⊗ ∂

∂pb

where (xi,pa) are the induced coordinates on D∗.

Linear
structure { , }ΠD∗


{xi, xj}ΠD∗ = 0
{xi,pa}ΠD∗ = −(ρlD)ia
{pa, xi}ΠD∗ = (ρrD)ia
{pa,pb}ΠD∗ = −C̃cabpc

Paula Balseiro – ICMAT (CSIC-UAM-UC3M-UCM)



h : D∗ → R a hamiltonian function on D∗.
(D, { , }ΠD∗ , ρ

l
D, ρrD,h) a hamiltonian system,

The Hamiltonian vector field H
ΠD∗
h on D∗:

H
ΠD∗
h (F) = −{h, F}ΠD∗ , for F ∈ C∞(D∗).

Hamilton equations:

ẋi = (ρlD)ia
∂h

∂pa

ṗb = −

(
(ρrD)ia

∂h

∂xi
− C̃cabpc

∂h

∂pa

)
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Nonholonomic systems with friction

τV : V → Q a skew-symmetric algebroid structure
((CV)cab, (ρV)ia)

Equations of motion, in coordinates (xi,ya) of V .:

ẋi = (ρV)iay
a

ẏb = ya(CV)caby
c + (ρV)ib

∂V

∂xi
.

To model viscous friction, we define a Rayleigh’s
dissipation function as

R(q,y) =
1
2
cb(β

b(q).y)2

⇓
forcing function:

τb(q,y) = − ∂R
∂yb

= −cdβ
d
a(q)βcb(q)ya.

Rayleigh’s dissipation function: τ(q,y).y < 0.
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ẏb = ya(CV)caby
c + (ρV)ib

∂V

∂xi
.

To model viscous friction, we define a Rayleigh’s
dissipation function as

R(q,y) =
1
2
cb(β

b(q).y)2

⇓
forcing function:

τb(q,y) = − ∂R
∂yb

= −cdβ
d
a(q)βcb(q)ya.

Rayleigh’s dissipation function: τ(q,y).y < 0.
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•Modified equations of motion

ẋi = (ρV)iay
a

ẏb = ya(CV)caby
c + (ρV)ib

∂V

∂xi
+ τb(q,y)

In coordinates (xi,pa) on V∗:

ẋi = (ρV)iapa

ṗb = pa[(CV)cabpc − cdβ
d
a(q)βcb(q)] + (ρV)ib

∂V

∂xi
.

Now, our aim is to endow the vector bundle τA : A→ Qwith
an affine structure.
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Affine Structures

Let τA : A→ Q an affine vector bundle with associated vector
bundle τV : V → Q.

The affine dual bundle τA+ : A+ → Q

A+ = {ϕx : Ax → R such that ϕ is affine}

distinguished section

1A : Q→ A+, 1A(x)(a) = 1 ∀x ∈ Q, ∀a ∈ A

ϕx = ϕlx + λx1A with ϕlx ∈ V∗x .

µA+ : A+ → V∗ such that µA+(ϕ) = ϕl.
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The affine dual bundle τA+ : A+ → Q

A+ = {ϕx : Ax → R such that ϕ is affine}

• distinguished section

1A : Q→ A+, 1A(x)(a) = 1 ∀x ∈ Q,∀a ∈ A

The bidual bundle Ã→M

Ã = (A+)∗

Ã is a skew-symmetric algebroid and dimÃ = dimV + 1
{σa,σ0} a local basis of Ã

(xi,ya,y0) local coordinates of Ã

⇓
y0 = 1 we recover A

y0 = 0 we recover V .
Local structure functions: ((CV)cab, Cc0b︸           ︷︷           ︸, (ρV)ia, ρi0︸       ︷︷       ︸)

(C
Ã

)cab (ρ
Ã

)ia
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skew-symmetric algebroid (Ã,BÃ, ρÃ)
KS

��
2-contravariant linear tensor ΠA+ in A+

��

KS

ΠA+ = ρi0
∂

∂xi
∧

∂

∂p0
+ ρib

∂

∂xi
∧

∂

∂pa
− Bc0bpc

∂

∂p0
∧

∂

∂pb

−
1
2
(BV)cabpc

∂

∂pa
∧

∂

∂pb

where (xi,pa,p0) are the induced coordinates on A+.
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In our case: Ã = V ×R→ Q has a (skew-symmetric) algebroid
structure (B

Ã
, ρ

Ã
)

local structure functions:
(
(CV)cab, Cc0a; (ρ

Ã
)ia, (ρ

Ã
)i0

)
(ρ

Ã
)ia = (ρV)ia

((CV)cab, (ρV)ia) are the local structure functions of
τV : V → Q,

Cc0a = −cdβ
d
a(q)βcb(q)

(ρ
Ã

)i0 = 0.

The affgebroid structure (BV , ρA,D) is given by the usual
bracket BV defined τV : V → Q, the anchor map ρA which, in
this case, is equal to ρV and D : Γ(A)× Γ(V)→ Γ(V) such that

D(σa+1A)σb = [[σa + σ0,σb]]A = (CV)cabσc + Cc0bσc.
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The Hamiltonian section h in Γ(µÅ+) is

h(xi,pa) = (xi,pa, −H(xi,pa)).

The Hamiltonian vector field

H
ΠA+

h (f) ◦ µA+ = {Fh, f ◦ µA+}ΠA+ , f ∈ C∞(M)

where Fh = −H(xi,pa) − p0

Hamilton equations

ẋi = −(ρV)ia
∂H

∂pa
= −(ρV)iapa,

ṗb = −(ρV)ib
∂H

∂xi
+ (CV)cabpc

∂H

∂pa
+ Cc0bpc,

the dissipation term:
Ḣ = {Fh,H◦µA+}A+ = Cc0bpc

∂H
∂pb

= −[cdβ
d
a(q)βcb(q)]pcpb.
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