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Definition

An algebroid structure in the vector bundle tp : D — Qis a
R-linear bracket Bp : I'(tp) x I'(tp) — I'(tp) and two vector
bundle morphism p}D :D — TQ, and pp, : D — TQ (anchor
maps), such that

Bp(fo, o) = fpp (0)(9)5 — gph (8)(f)o + fgBp (0, 5)

foro,6 € '(D)and f,g € C*(Q).

[Grabowski-Urbanski 1999 (Algebroids)], [Grabowska, Grabowski,
Urbanski 2006]
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e Tp : D — Q an algebroid (Bp, p}j, Ph)
Suppose that (x!) are local coordinates on Q and that {o} is a
local basis of the space I'(tp ) such that

Bp(ow, 0p) = (?Z(BcfY

1, O ;0

T

P (0a) = (PD)ogz 1/ PD(B) = (PD)p7 5

The local functions @ZCB, (P})); and (p{j)]é are called the local
structure functions of the algebroid 1p : D — Q.
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I'tp) : D — Q an algebroid structure (Bp, p})/ PD)

0

Linear tensor ITp+ of type (2,0) on D*

0 0 0 0

b2y b2y

0 0
e — ® —
ox) opPy opx  Opp

r)i

Mp- = (pp

with (x!,p) the induced local coordinates on D*.

{x', ¥, =0
Linear algebroid | {x',palr,. = —(p5)}
structure { I, | {Pa, Xy, = (pH)Y
{parpb}ﬂD* = —@ﬁbpc

where (x!,pq) are the induced coordinates on D*.

[Grabowski, Urbanski(1995, 1999)], [Grabowska, Grabowski, Urbariski(2006)].
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Definition

A curvey : I — D is phy-admissible (respectively, pt-admissible) if

d . d
E(TD oy) =ph oy (respectively, E(TD oY) =pp oY)

e H:D* — R Hamiltonian function on D*.

@ Hamiltonian vector field J{ED* of H with respect to Ip+,
that is,

fHED* (F) = —{H, F}y,., for Fe C*(D*).

@ The integral curves of the vector field iHED* are the
solutions of the Hamilton equations for H.
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Therefore, the Hamiltonian vector field of H is given by
Moo _uyt OH @ (0 OH o OH ) 0
M = (0h)zne 5 ((pD)B o~ CoPran ) 3o

which implies that the local expression of the Hamilton
equations is

d.Xi i OH

= (Pblaz—
dt ap(x
dpg oY oH
dt j CopP Y P
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Q Basic definitions
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Q Basic definitions
@ Examples:

@ Symmetric Case: Gradient extensions.
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Let Q be an n-dimensional manifold. Let § a riemannian metric
on Q. For X € ¥(Q)
x = X(x)
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Let Q be an n-dimensional manifold. Let § a riemannian metric
on Q. For X € ¥(Q)
x = X(x)

g :9ij(x)dxi®dxj.
° bg: X(Q) — AY(Q), fg: AN Q) — X(Q)

. L, Of
o f e C®(Q), gradg(f) =fg(df) = gradg(f)=5 ]waxi

where (GY) is the inverse matrix of (Gy;).
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Let Q be an n-dimensional manifold. Let § a riemannian metric
on Q. For X € ¥(Q)
x = X(x)

g :9ij(x)dxi®dxj.
° bg: X(Q) — AY(Q), fg: AN Q) — X(Q)

. L, Of
o f e C®(Q), gradg(f) =fg(df) = gradg(f)=5 ]waxi

where (GY) is the inverse matrix of (Gy;).

g
@ Levi-Civita connection V

g g .
[X,Y] =Vx Y— Vy X (torsion-free)
X(S(Y,2)) = §(9x Y, Z) + S(Y, Ux Z) (metricity) ,

where X, Y, Z € X(Q).
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e Symmetric product:

S g
Brq(X,Y) =Vx Y+ Vy X X, Y € X(Q).

I i i) 2 i 9
Locally, Brq(355, 37%) = (r)'lk + rﬁj) axt = 2k

e The anchor maps:

p}rQ = idTQ and p_rl_Q = —idTQ
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e Symmetric product:

S g
Bro(X,Y) =Vx Y+ Vv X XY € ¥(Q).

I i i) 2 i 9
Locally, Brq(355, 37%) = (r)'lk + rﬁj) axt = 2k

e The anchor maps:

p}rQ = idTQ and p_rl_Q = —idTQ

The tangent bundle equipped with (Btq,idtg, —idtq) is an
(symmetric) algebroid. J
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An algebroid (BTQ, idTQ, —idTQ )

|

Linear bivector TTt+g in T*Q

o 9 3 3 2 2

: ~ Y e % _op 2
o Cap; op; Dok S uPeap © o

HT*Q = —

where (x!, Pa) are the induced coordinates on T*Q.

{Xi /Xj}ﬂT*Q =0

Symmetric {xt Pili = —1
structure {, }r,. {pi Xt =1
P, Pilneg = 2Pkl

Paula Balseiro — ICMAT (CSIC-UAM-UC3M-UCM)



For X € ¥(Q)
@ The hamiltonian function Hx : T*Q — R

Hx (kx) = (kx, Xx) thatis, Hx(x",pi) = piX*(x).
o (T"Q,{, .o idrq, —idrq, h) is a hamiltonian system,
e The Hamiltonian vector field TJ{HT*Q on T*Q:
1L C(F) = ~{Hx, Frrp.q, forFe C®(T*Q).

@ Hamilton equations:

' = XY(x)

_ Xk
Pi = Pk (a)d—{—ZFi]-X‘)

These equations are the gradient extension of the nonlinear
equation x* = X*(x).

[Cortés,van der Shaft,Crouch(2005)]
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Q Basic definitions
@ Examples:

@ Symmetric Case: Gradient extensions.
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Q Basic definitions
@ Examples:

@ Symmetric Case: Gradient extensions.

@ Skew-symmetric Case: Nonholonomic Mechanics.
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Nonholonomic mechanical systems

e t¢ : E — Q a Lie algebroid with structure ([-, -], pg).
@ §:E xg E — Rbe a fiber metric.

The systems considered are the nonholonomic mechanical systems
determined by:

@ A Lagrangian function L:
1
L(e) ZES(e,e)—V(T(e)), e €k,

with V a potential function on Q.

@ Nonholonomic (linear) constraints determined by a vector
subbundle D of E.
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Let us consider the orthogonal decomposition E = D ® D+, and
the associated orthogonal projectors

P:E—D Q:E—D+

We choose a local basis of sections of E, {0}, adapted to (L, D),
that is:

(i) {o«}is an orthogonal basis with respect to §
(i.e., 9(0'“, 0'[3) = 60([5)

(ii) {o0x} =1{0a, oA} where D = span{o}, Dt = span{oa J,

(iii) and denote (x!,y*) = (x},y¢,y”™) the induced coordinates
onkE
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Motion equations of the nonholonomic mechanical
system

v(t) = (x(t),y*(t)) a curve in E

7 is a solution

i}
xt = (pe)iy®
g
Vy(r) Y(t) —gradgV(y(t)) € D5y,
yr =0

or equivalently

xt = (pe)hy®

U+ CopUPYe + (PE)a e =0
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Nonholonomic mechanics & Mechanics in

skew-symmetric algebroids

™p : D — Q has a skew-symmetric algebroid structure:
For all 0,6 € I'(tp ) we define

@ Bp(o,6) =P ([ip o 0,ip o &)

@ pp(0) =pe(ip ©0)

Then the local structure functions are

® Bp(0q,0b) =P (log,0pl) =P (€5, 0c + CXyo) = CSy 0,

® pp(0a) = (Pe)h

D2 ~TQ

A
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A skew-symmetric algebroid (D, Bp, pp)

|

Linear bivector TTp« in D*

) 2 1 d d
ax i N s = 5CapPes— A 5.
“oxt Opa 2“7 0pa Opy

where (x!,pq) are the induced coordinates on D*.

Mp+ = (pp)

{Xi/ Xj}ﬂD* =0
{x" palmp. = (PD)a
{pa/pb}ﬂD* = —eﬁbpc

Linear almost Poisson
structure { , 7.
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@ Leth:D* — R be a Hamiltonian function on D*.

e (D*,{,}my,PD,h) is a hamiltonian system,

© The Hamiltonian vector field I}CHD* on D*:

HII0* (F) = —{h, Fly,., for F € C®(D*).

e Hamilton equations:

, . Oh
s _ 1
X - (pD)aapa
: oh oh
Pa = ((po)aa T +€‘&bpcapb>
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Q Basic definitions
@ Examples:

@ Symmetric Case: Gradient extensions.

@ Skew-symmetric Case: Nonholonomic Mechanics.
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Q Basic definitions
@ Examples:
@ Symmetric Case: Gradient extensions.

@ Skew-symmetric Case: Nonholonomic Mechanics.

©@ Mixed Cases:
@ Generalized nonholonomic Mechanics.
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The rolling disk

e Configuration manifold: Q = R? x St x S!
@ The lagrangian:

1 1 ., 1
Loy, 0,9) = Smi +§7) + 5107 + ]

@ The restrictions:

x = Rcosp8
Uy = Rsengb
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Control Forces: F¢ = A(d$p — dO) = 6 = —¢.

@ Kinematic constraints:

D = span{r cosBai + rswLGaay — i (1)}
o Variational constraints:
D = span{r cosGai + rsmeai + i + 7(1)}
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(1 't (t),@i(t));(xi(t),gi(t),éi(t),cpi(t)))

v(t) in E is a solution of the generalized nonholonomic system

o
v(t) € Dgq
G () grad V(y(1)) = FE(y(t).
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(1 't (t),@i(t));(xi(t),gi(t),éi(t),cpi(t)))

v(t) in E is a solution of the generalized nonholonomic system

7
Y(t) € Dygy)
Vyi Y1t) — gradgVv(t) = F(v (1)) J

(t)eD
%y(t) v(t) — gradQV(y(t)) eDbt J
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Geometric formulation of the generalized
nonholonomic mechanics

e T¢ : E — Q aLie algebroid ([, -], pg).
@ Let§: E xq E — R a fiber metric.

A generalized nonholonomic mechanical system is determined
by:
@ A lagrangian function L:

L(e) = y5(e,¢) ~ Vix(e)), €,

with V a potential function on M.

o Kinematic constraints determined by the distribution D of
E,

o Variational constraints determined by the distribution D.
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We assume the compatibility condition E =D @ DL,

Given local coordinates (x') in Q and a local basis of sections in
E, {o0«J, adapted to the generalized nonholonomic problem
(L,D,D):

(i) {o0x} =1{0q, 0a} Where D = span{o}, DLl = span{oa J.

(ii) {0q}and {oA} are orthogonal with respect to G.

(iii) and denote (x!,y*) = (x},y¢,y”) the induced coordinates
on E.
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Motion equations of the generalized nonholonomic
system

v(t) = (x(t),y*(t)) curve in E

v is a solution

)
Xt = (pe)iy”

9 ~
Vy(v) Y(t) + gradgV(y(t)) € Doy

y* =0
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After some computations we get

y¢ = g [@gd-l-SaB@Ed—SdA@gA—SdASaB@EA
a9(1/\ i b
+9dAaXi(pE)%]yaU

oV
oxt

—ged ((PE)id - 9dA(pE)}\)
Xt = (pe)ay®
where G*F = [G71] 45
Then we rewrite the motion equations as:

. © T i oV
y = yaybegci(pD)caXi

o= (ph)iye.
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Forall 0,6 € I'(tp) we define
o Bp(o,5) =P ([[iD 00,ig o rra]])
® ph =proip

® pp =peoigoll

where

P:DeDt —Dand M:DpDL — D
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Forall 0,6 € I'(tp) we define
® Bp(0,5) =P ([ip 0 0,i5 o 151

® ph=proip
® pp =peoigoll

where
P:DaD"—Dand M:Da Dt — D
and
Bo(0a,06) = C&yoc,
phioa) = (be)hast
Ph(0a) = 9°%((pe)h— Ganlpe)h)sar
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An algebroid (D, Bp, pl, ph)

|

2-contravariant linear tensor ITp« in D*

~ o
—CapPer — ® = —

1 )i 0 0
O0pa  Opy

.0 0
Mrs — i (AT Y i
D = (Pp “ax1®apa (pD)“apa®ax1

where (x!,po) are the induced coordinates on D*.

{x\, . =0
Linear {XI,DQ}HD* = —(pb)h
structure { , 11, P, x . = (prg)h
{parpb}ﬂm =—CyPe
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@ h: D* — R a hamiltonian function on D*.

o (D,{, ., p}j, Ph,h) a hamiltonian system,
@ The Hamiltonian vector field I}CED* on D*:
I (F) = —{h, Fn,,., for F e C(D).

@ Hamilton equations:

: oh
1 11
X - (pD)aapa
. . 0h  ~ oh
Pp = — <(p{3)haxi - ngpcm>
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Q Basic definitions
@ Examples:

@ Symmetric Case: Gradient extensions.
@ Skew-symmetric Case: Nonholonomic Mechanics.

@ Mixed Case:

@ Generalized nonholonomic Mechanics.
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Q Basic definitions
@ Examples:

@ Symmetric Case: Gradient extensions.
@ Skew-symmetric Case: Nonholonomic Mechanics.

©@ Mixed Case:
@ Generalized nonholonomic Mechanics.

@ Nonholonomic systems with dissipation (affgebroids)
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Nonholonomic systems with friction

@ Ty : V — Q a skew-symmetric algebroid structure
((Cv)S¢y, (pv)h) .
e Equations of motion, in coordinates (x',y¢) of V.:
X = (pv)ay®

b

_ Y
U’ = y*Cv)gpu + (pv)y

oxt’
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Nonholonomic systems with friction

@ Ty : V — Q a skew-symmetric algebroid structure
((Cv)S¢y, (pv)h) .
e Equations of motion, in coordinates (x',y¢) of V.:
X = (pv)ay®

b

_ Y
U’ = y*Cv)gpu + (pv)y

oxt’

e To model viscous friction, we define a Rayleigh’s
dissipation function as

R(a,u) = seb(BP(a) u)?

4

forcing function:

To(d,Y) = —op5 = —caBa(a)Bg(a)y®.
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Nonholonomic systems with friction

@ Ty : V — Q a skew-symmetric algebroid structure
((Cv)S¢y, (pv)h) .
e Equations of motion, in coordinates (x',y¢) of V.:
X = (pv)ay®

b

_ Y
U’ = y*Cv)gpu + (pv)y

oxt’

e To model viscous friction, we define a Rayleigh’s
dissipation function as

R(a,u) = seb(BP(a) u)?

4

forcing function:

To(d,Y) = —op5 = —caBa(a)Bg(a)y®.

Rayleigh’s dissipation function: t(q,y).y < 0. ‘
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e Modified equations of motion
o= (pv)ay
b

Y%
Yy’ = y“(Gv)ﬁbchr(pv)t@

a

+ Tv(q,y)

In coordinates (x!,pq) on V*:

X - (pV)gpa
oV

P = Pall@v)&ppe —caBl(a)Bf(a)l + (ov)h 5+
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e Modified equations of motion

ot

= (pv)hy

a

, oV
P = Y (Cv)Gpy® + (V)b g7 + Tola V)

In coordinates (x!,pq) on V*:

Xi - (pV)gpa

oV

P = Pall@v)&ppe —caBl(a)Bf(a)l + (ov)h 5+

Now, our aim is to endow the vector bundle T4 : A — Q with
an affine structure.
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Affine Structures

Lett, : A — Q an affine vector bundle with associated vector
bundle Ty : V — Q.

The affine dual bundle T4+ : AT — Q

AT ={¢y : Ax — Rsuch that ¢ is affine}

o distinguished section
14:Q—= A", 14(x)(a)=1VxeQ, Vaec A

° @y = QL + A 14 with @} € V.

@ g+t AT — V*such that pg+ (@) = @b
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The affine dual bundle T4+ : AT — Q
AT ={px : Ax — Rsuch that ¢ is affine}

o distinguished section

1:Q— A", 14(x)(a) =1Vx € Q,Vac A

The bidual bundle A — M
A= (A1)
o Ais a skew-symmetric algebroid and dimA = dimV + 1

@ {0q, 00} alocal basis of A

e (x},yq,yo) local coordinates of A

4

Yo = 1 we recover A
yo = 0 we recover V.

@ Local structure functions: ((Cv)Sy, Chp, (pv)L, pé)
S_—_—m—— e S

e (PR
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skew-symmetric algebroid (A, B 7, p 4)

II

2-contravariant linear tensor T4+ in A™

0 .0 0 0
1T = 1 /\7 t -\ — —BS — N\ —
AT = P apo P N ape 0P on0 N apy
0 0
_ B /\7
2( V) bpcapa apb

where (x!,pq, po) are the induced coordinates on A+.
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Inour case: A =V x R — Q has a (skew-symmetric) algebroid
structure (B 7, p 7)

@ local structure functions: ((Gv)flb, Coas (p;l)ia, (p;l)(i)>
o (p7)h=(pv)i

@ ((Cv)Se,( pv )% ) are the local structure functions of

TV:V_> Qr
® €5, =—caBl(q)BE(a)
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Inour case: A =V x R — Q has a (skew-symmetric) algebroid
structure (B 7, p 7)

@ local structure functions: ((Gv)ﬁbr Coas (pﬁ)ia, (p;l)(i)>
o (p7)h=(pv)i

@ ((Cv)Se,( pv )% ) are the local structure functions of

TV:V_> Qr
® €5, =—caBl(q)BE(a)

The affgebroid structure (By/, p4, D) is given by the usual
bracket By defined Ty : V — Q, the anchor map p 4 which, in
this case, is equal to py and D : I'(A) x I'(V) — T'(V) such that

D(Ga+1A)Gb = ”:0'51 + oy, Ub]]A = (GV)gbO-C + e(C)bo-C‘
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@ The Hamiltonian section hin I'(uz ) is
h(x!, pa) = (x", pa, —H(x', pa))-
@ The Hamiltonian vector field
H A (f)opar = {Fr fopasln,,, feC®(M)

where Fy, = —H(Xi;pa) —Po
e Hamilton equations

oH

Xt = —(pv)tapazf(pv)hpa,
_ . OH oH
Pv = —(pv){,ﬁJr(Gv)ﬁbpcaTaJrGprc,

@ the dissipation term:
H = {Fn, Hopa+Ja+ = Chippegpy = —[caBa(a)B§(a)]pcpy.
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