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SR Unified formalism

GEOMETRIC FRAMEWORK

Extended momentum Restricted momentum
phase space phase space

Canonical forms  T°E  ——— Jin*: = T'E/7"T'R
e, Q (t.x", p, pi) (t,x', p)

_ Configuration fiber bundle
(t,x') dim E=n+1

™



SR Unified formalism

SKINNER—RUSK UNIFIED FORMALISM

Extended Restricted
Jjet—-momentum T*E Jjet-momentum
bundle bundle

P2
Natural projection
W = Jln xg T*E Hwy W, = Jtn xg Jin*
(t7Xi7V‘i7p7 P/) t7XiaVi7pi)
\
Jir



SR Unified formalism

CANONICAL STRUCTURES ON W

o Coupling 1~form C: for every w = (j*¢(t),a) € W s.t.,
C(V) =a(Tw(pomop,)V), VeTW.
e Canonical forms on VV are

o Oy = p30 € QY(W),
o Qu = —dOyy = p3Q € Q2(W).

(W, Qyy) is a presymplectic manifold.
Local expressions:  C = (p + piv')dt,

ew = p,'dXi + pdt, QW = —dp, A dXi - dp A dt.
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Implicit OCP

GEOMETRIC FRAMEWORK FOR IMPLICIT CONTROL SYSTEMS
(ICS)

A fiber bundle structure 7¢: C — E.
Let C be the bundle of controls, local coordinates (t, x', u').

Let Mc be a submanifold of C xg J'r.
MC(Hi- C XE J17T

m A solution of the ICS is a section v
Jir of @€ such that

% \} (7(t), /(7o) (1)) € Mc VY tel.
‘&Cﬂ' | jl(WCO’Y)
Y ]R/
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Implicit OCP

IMPLICIT OPTIMAL CONTROL PROBLEM

Let F: C — R be the cost function.

Given xg, xr € E, M.

Find a C?>—piecewise smooth curve v: | — C and the final

time T € R" such that

(1) 7¢(v(0)) = xo0, 7¢(7(T)) = x¢ (endpoint conditions);

(2) (v(t), 1 ((=¢ O”y)(t))) € Mc V't e, solution of ICS;
) S[y] = fo )) dt is minimum among all 7 satisfying

()and()-




Implicit OCP

IMPLICIT OPTIMAL CONTROL PROBLEM

An implicit optimal control problem is given by (F, M¢),
o FcQY(Mc), F=Fdt.
F € C>(C) is the cost function.
ABUSE OF NOTATION: F should be

(iom)*F € C>(Mc).

e Mc is a submanifold of C xg J'7.

Thus, the local state equations defining M¢ are

WE(t,x,v,u) =0, 1< k <s, with dW' A... AdW® #0.
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Unified for implicit OCP

UNIFIED FORMALISM FOR IMPLICIT OCP

Id x Hypymc

CXEW

/\

WMC*MCxETE WMC_M(_“XEJA

Natural prOJectlon

CXEWr

Extended Restricted
control-jet—-momentum control—jet-momentum
manifold manifold



Unified for implicit OCP

CANONICAL STRUCTURES ON WMc

As

the corresponding canonical structures on YWWM¢ are

Coyme = (owo iMC)*é, ¢ = (p+ piv')dt.
GWMC = (O’W o iMC)*ew, @W
QWMC = (O'W 9 iMC)*Qw, QW
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Unified for implicit OCP

UNIFIED PONTRYAGIN’S HAMILTONIAN

Pontryagin’s Hamiltonian is the unique Hm : WM — R s.t.
Mc\x
with the natural projection p{wc: WMe — > M.

Example: If V' = v/ — f/(t,x, u) = 0, then locally

We only study normal extremals.
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Unified for implicit OCP

FROM CLASSICAL PONTRYAGIN’S MAXIMUM PRINCIPLE (PMP)
As the final time is an unknown, H,,m. = 0 along a solution,

Wy'e = {w € WMe | Hyme (w) =0}

Then, there exists the natural embedding

M M
o€ W't —=whe

Example: If V' = v/ — fi(t,x, u) = 0, then locally

g0 (X i pi) = (t,x,u, F(t,x,u) — pif (t, x, u), p)).

PROPOSITION

W< is a codimension 1, ji,mc—transverse submanifold of
WMe | diffeomorphic to YWMe,
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Unified for implicit OCP

*
; Mc. — [ ,Mc
Canonical form on W, ¢: QWQ”C = (]0 ) Qyymc.

Let (T,,W,3"°)° be the annihilator of T, W,".

PROPOSITION

For a given w € Wéw ¢, the following conditions are equivalent:

© there exists a vector Z,, € TWWéV’ < verifying that
ngﬂc(zm Yy) =0, foreveryV, € T.,,,Wéwc ;
@ there exists a vector Z,, € T, (C xg W) satisfying

(1) Zy € TWW,'C and

(11) iz, (0% Qw)w € (TWW,€)0.
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Unified for implicit OCP

Item 2 in the previous Proposition can be rewritten as follows:
There exists Z € X(C xg W) such that

(1) Z is tangent to W)’ and

(11) the 1-form
iz (o w)

is null on the vector fields tangent to Wé\/lc.
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Unified for implicit OCP

In other words, there exist (i, it € C*°(C xg W) such that
(izowQw) |, yme = (e dW* + pd(Hyyme )| me -
0 0
The functions p,'s and pu are called Lagrange multipliers.
In local coordinates (t,x", u', v/, p, p’) in C xg W, find

o 0 o 0 o 0
Z=—+4+A—+B 4+ C = +D—+E=—,
ot Mok TP T v TP T

where A’ B;, C', D;, E are unknown functions in W}’

satisfying the following equations of motion.
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Unified for implicit OCP

EQUATIONS OF MOTION

Fori=1,...,n;
k
4 (uk(t)‘?‘j,(t,x(tmt), u(t))) + 7 (e x(). ()

k
ue(®) D (b x(0), X(1),u(8) = 0,

The constrained Euler—Lagrange equations for
jE___qu;k'
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Unified for implicit OCP

EQUATIONS OF MOTION

Fori=1,...,n

k
5t (1O G € xe. X(0,0(0)) + 55 x(0).u(e)

Necessary condition for extremizing the Hamiltonian

over the controls in the interior set.



Unified for implicit OCP

EQUATIONS OF MOTION
Fori=1,...,m k=1 ... s;

k
— (uk(t)(?;:i(t,x(t),k(t), u(t))> + %(t,x(t), u(t))

State equations for the implicit optimal control
problem.
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AN OCP FOR A DESCRIPTOR SYSTEM, [MULLER, 1998]

For a;, b; > 0 and r > 0, consider the problem of minimizing
the functional

1 < < 3, with control equations

2

P=x'4+bu , C=x>+bu , 0=x>+ bsu.



AN OCP FOR A DESCRIPTOR SYSTEM, [MULLER, 1998]

E =R x R3? with coordinates (t, x").
C = R x R® x R with coordinates (t, x', u).
The submanifold Mc C C xg J 7 is given by

Mc = {(t,x*, x%,x3, v v2 v3 u) € C xg J'r | v? = x! + b,

v = x2+ byu,0 = x3 + bzu}.

WMe = Me xg T'E, W¢ = C xg J*n xg T*E.



AN OCP FOR A DESCRIPTOR SYSTEM, [MULLER, 1998]
The vanishing of Pontryagin's Hamiltonian defines:

M 1.2 .3 .1 2 3 C 2 1
WOC = {(t,X7X,X,V,V7V,U,p,p1,p2,p3)ew ‘V =X +b1U,

HWC

Vi=x?>4 bou, X3+ bsu=0, p+ pivt + pov? + p3v® — F=0}.

Find Z € X (W€) such that
izQue = pd(x + biu — v?) + ppd(x® + bu — v3)
+ ,u3d(x3 + b3U) + pdHye

Z(xt + bju—v?) =0, Z(x*+ bu—v?) =0,
Z(x® + bzu) =0, Z(Hyc) =0,

where Qyyc € Q2 (W) is the 2—form with local expression

Qe =dx! Adpy +dx® Adp + dx®* Adps +dt Adp .

N
w
~
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