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Chaplygin’s rolling ball problem is Hamiltonian

Classical integrable nonholonomic system.

Borisov and Mamaev give a nonlinear Poisson bracket for the reduced
equations of motion (after a time reparametrization).

Controversial, Koiller et al, Duistermaat.

Program for today: Study the “almost” symplectic counterpart.
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Almost Hamiltonian System

Triple (T ∗S ,Ωas,Hc).

Ωas is an almost symplectic two-form: non-degenerate but not
necessarily closed.

Almost Hamiltonian system:

iXHc
Ωas = dHc .
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Almost Hamiltonian System

Similarity with Hamiltonian systems: Conservation of energy
(skew-symmetry).

Difference with Hamiltonian systems: The flow of XHc does not
preserve Ωas.

LXHc
Ωas = d(iXHc

Ωas) + iXHc
(dΩas)

= d(dHc) + iXHc
(dΩas)

= iXHc
(dΩas) != 0.

No preservation of Liouville measure. Not guaranteed to have an
invariant measure.

However: many important examples coming from nonholonomic
mechanics do have an invariant measure (LR systems). (Cantrijn et al
[2002])

No Arnold-Liouville theorem for integrable systems.
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Luis Garćıa-Naranjo (EPFL) Hamiltonization in nonholonomic Mechanics 6 / 58



Almost Hamiltonian System

Similarity with Hamiltonian systems: Conservation of energy
(skew-symmetry).

Difference with Hamiltonian systems: The flow of XHc does not
preserve Ωas.

LXHc
Ωas = d(iXHc

Ωas) + iXHc
(dΩas)

= d(dHc) + iXHc
(dΩas)

= iXHc
(dΩas) != 0.

No preservation of Liouville measure. Not guaranteed to have an
invariant measure.

However: many important examples coming from nonholonomic
mechanics do have an invariant measure (LR systems). (Cantrijn et al
[2002])

No Arnold-Liouville theorem for integrable systems.
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Hamiltonization

Main question: Given a system with an invariant measure, determine
whether the equations are Hamiltonian, possibly after a change of
time.

Our situation:
Ωas = ΩS − η

ΩS is the canonical symplectic form on T ∗S .
η is a semi-basic two-form.

Ωas = ds i ∧ dmi −
∑

i<j

ηk
ij (s)mk ds i ∧ ds j

Does there exist f : S → R, f > 0, such that

d(f Ωas) = 0 ?

We say that Ωas is conformally symplectic and that f is a conformal
factor.
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Hamiltonization

Suppose a conformal factor f exists. Equations of motion:

i 1
f XHc

f Ωas = dHc

The scaled vector field 1
f XHc is Hamiltonian with respect to the

symplectic form f Ωas.

The scaling of XHc is physically interpreted as a time
reparametrization:

dτ = f (s) dt.

The scaling of Ωas is physically interpreted as a scaling of the
momenta:

mi %→ f mi := m̃i =⇒ f Ωas = ds i ∧ dm̃i

Hamiltonization: The system is Hamiltonian in the new time and with
respect to the new momenta.

Luis Garćıa-Naranjo (EPFL) Hamiltonization in nonholonomic Mechanics 9 / 58



Hamiltonization

Suppose a conformal factor f exists. Equations of motion:

i 1
f XHc

f Ωas = dHc

The scaled vector field 1
f XHc is Hamiltonian with respect to the

symplectic form f Ωas.

The scaling of XHc is physically interpreted as a time
reparametrization:

dτ = f (s) dt.

The scaling of Ωas is physically interpreted as a scaling of the
momenta:

mi %→ f mi := m̃i =⇒ f Ωas = ds i ∧ dm̃i

Hamiltonization: The system is Hamiltonian in the new time and with
respect to the new momenta.
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Chaplygin’s Reducibility Theorem

Theorem (Chaplygin’s Reducibility Theorem)

Suppose that:

1 The dimension of S is two.

2 There is a preserved measure, µ = f Ω2
S .

Then
d(f Ωas) = 0.

Hamiltonization seems to be unlikely if dimS > 2. We will study
rolling ball problem where dimS = 3.

Fedorov, Jovanović (2004) important example of multi-dimensional
nonholonomic system that can be written in Hamiltonian form.
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The nonholonomic particle

Particle in R3 with nonholonomic constraint ż = y ẋ . (Constraint
one-form ε = dz − ydx .)

Lagrangian

L =
1

2

(
ẋ2 + ẏ2 + ż2

)

Equations of motion:

ẋ = px , ẏ = py , ż = pz ,
ṗx = −λy , ṗy = 0, ṗz = λ.

λ is determined from the constraint equation pz = ypx

=⇒ λ = pxpy

1+y2 . Equations of motion decouple:

ẋ = px ẏ = py

ṗx = −y pxpy

1+y2 ṗy = 0
ż = pz ⇐= Reconstruction

ṗz = pxpy

1+y2 ⇐= pz = ypx
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ṗx = −y pxpy

1+y2 ṗy = 0
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λ is determined from the constraint equation pz = ypx

=⇒ λ = pxpy

1+y2 . Equations of motion decouple:

ẋ = px ẏ = py
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The nonholonomic particle - continued

Define shape space S = R3/R = R2 (coordinates (x , y)).

Compressed Lagrangian: Lc : TS → R given by

Lc(x , y , ẋ , ẏ) =
1

2

(
(1 + y2)ẋ2 + ẏ2

)

Compressed Legendre transform Legc : TS → T ∗S :

mx =
∂Lc

∂ẋ
= (1 + y2)ẋ , my =

∂Lc

∂ẏ
= ẏ

Compressed Hamiltonian Hc : T ∗S → R

Hc(x , y ,mx ,my ) =
1

2

(
m2

x

1 + y2
+ m2

y

)
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1

2

(
(1 + y2)ẋ2 + ẏ2
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Luis Garćıa-Naranjo (EPFL) Hamiltonization in nonholonomic Mechanics 13 / 58



The nonholonomic particle - continued

Define shape space S = R3/R = R2 (coordinates (x , y)).

Compressed Lagrangian: Lc : TS → R given by

Lc(x , y , ẋ , ẏ) =
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The nonholonomic particle - continued
Equations of motion in terms of the compressed momenta:

ẋ = mx
1+y2 ẏ = my

ṁx = y mxmy

1+y2 ṁy = 0

Almost Hamiltonian system with respect to

Ωnh = dx ∧ dmx + dy ∧ dmy −
ymx

1 + y2
dx ∧ dy
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Canonical

− ymx

1 + y2
dx ∧ dy

︸ ︷︷ ︸
η

Note that

η = pz dε

( Momentum × Curvature )
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The nonholonomic particle - continued

Look for a conformal factor f = f (y). Enforcing d(f Ωnh) = 0 yields

f ′(y) +
y

1 + y2
f (y) = 0.

Therefore

f (y) =
1√

1 + y2

is a conformal factor and

µ =
1√

1 + y2
dx ∧ dy ∧ dpx ∧ dpy

is a preserved measure.
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The nonholonomic particle - continued

Define new time and new momenta:

dτ =
dt√

1 + y2
m̃x =

mx√
1 + y2

m̃y =
my√
1 + y2

Compressed equations of motion:

dx
dτ = ∂Hc

∂m̃x

dy
dτ = ∂Hc

∂m̃y

dm̃x
dτ = −∂Hc

∂x̃
dm̃y

dτ = −∂Hc
∂y
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Nonholonomic Mechanical System

Configuration space Q, a smooth n dimensional manifold.

(Hyper-regular) Lagrangian L : TQ → R. Kinetic energy metric G.

A non-integrable constraint distribution D ⊂ TQ defined by k < n
constraints that are linear and homogeneous in the velocities:

εai (q)q̇i = 0, a = 1, . . . , k.

Dq ⊂ TqQ is the annihilator of the one-forms on Q:

εa = εai (q) dqi , a = 1, . . . , k.

Lagrange-D’Alembert principle (Newton’s Law):

d

dt

(
∂L
∂q̇i

)
− ∂L

∂qi
= λ1ε

1
i (q) + · · ·+ λkεki (q)︸ ︷︷ ︸
Reaction Forces

.

Conservation of Energy. Lagrange Multipliers λi .
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Hamiltonian Formalism

Generalized momenta ps = ∂L
∂q̇s . Legendre transform:

Leg : TQ → T ∗Q.

Hamiltonian H : T ∗Q → R.

Constraint submanifold M = Leg(D) ⊂ T ∗Q,

M =

{
(p, q) :

n∑

i=1

εai (q)
∂H
∂pi

= 0, a = 1, . . . , k

}
.

Equations of motion

q̇i =
∂H
∂pi

, ṗi = −∂H
∂qi

+
k∑

a=1

λaε
a
i (q).
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Intrinsic formulation
ΩQ the canonical symplectic form on T ∗Q.

Equations of motion

iXM
nh

ι∗ΩQ = ι∗
(

dH+
k∑

a=1

λaτ
∗εa

)
.

XM
nh is the nonholonomic vector field, τ : T ∗Q → Q the canonical

projection, ι : M ↪→ T ∗Q the inclusion.
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Intrinsic formulation
ΩQ the canonical symplectic form on T ∗Q.
Equations of motion

iXM
nh

ι∗( ΩQ + Ω0) = ι∗
(

dH+
k∑

a=1

λaτ
∗εa

)
.

XM
nh is the nonholonomic vector field, τ : T ∗Q → Q the canonical

projection, ι : M ↪→ T ∗Q the inclusion.
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ι∗ΩQ = ι∗
(

dH+
k∑

a=1

λaτ
∗εa

)
.

XM
nh is the nonholonomic vector field, τ : T ∗Q → Q the canonical

projection, ι : M ↪→ T ∗Q the inclusion.

Constraints.
For m ∈M:

〈τ∗εa(m),XM
nh (m)〉 = 0, a = 1, . . . , k, XM

nh (m) ∈ TmM.

XM
nh (m) ∈ Cm := TmM ∩ ann{τ∗εa(m), a = 1, . . . , k} ⊂ Tm(T ∗Q).

C is a non-integrable distribution on M.
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Theorem (Weber (1986), Bates, Śniatycki (1993))

The pointwise restriction of ι∗ΩQ to C, denoted ΩC , is non-degenerate.
(i.e. Cm is a symplectic subspace of Tm(T ∗Q)).

Restriction of the intrinsic equations to C gives

iXM
nh

ΩC = (dH)C

which determines XM
nh uniquely.

Starting point to write the equations as an almost Hamiltonian system

iXnh
Ωas = dHc
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G -Chaplygin Systems

Symmetry Lie group G acts on Q and the lifted action leaves the
constraints and the Hamiltonian invariant.

For all q ∈ Q
TqQ = Dq ⊕ TqOrbG (q).

Examples: rolling systems. G = R2.

The space S := Q/G is called shape space.

First studied by Chaplygin around 1895, later by Koiller (non-abelian
case) around 1992. Main result, group variables can be “eliminated”.
Second order system on S . Almost Hamiltonian system on T ∗S .
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Ingredients for Compression

The splitting
TqQ = Dq ⊕ TqOrbG (q)

defines a principal connection A : TQ → g on the principal bundle
π : Q → S .

Dq = horq = {vq ∈ TqQ : A(vq) = 0}
TqOrbG (q) = verq = {ξQ(q) : ξ ∈ g}

Vertical and horizontal projections:

verq vq = (A(vq))Q(q), horq vq = vq − (A(vq))Q(q).
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Ingredients for Compression

Horizontal Lift of vs ∈ TsS at q ∈ π−1(s) is the unique vector
vq ∈ Dq such that

vs = Tqπ vq

Curvature K of the connection A. Lie-algebra valued two-form on Q:

K(wq, zq) = dA (horqwq , horqzq) ∈ g.

One has
K(W ,Z ) = −A( [horW , horZ ] )

so K measures non-integrability of D. Note: K is equivariant.

Equivariant momentum map J : TQ → g∗ defined by

〈J(vq), ξ〉 = Gq(vq, ξQ(q)).
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The Compressed Lagrangian

Define the compressed Lagrangian Lc : TS → R by

Lc(vs) = L(vq)

where vq is the horizontal lift of vs at q ∈ π−1(s).

Well defined by invariance of L and hyper-regular.

Compressed Legendre transform Legc : TS → T ∗S .

Compressed Hamiltonian Hc : T ∗S → R.
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The 〈J ,K〉 two-form on TS

Define a two-form 〈J,K〉 on TS .

Let vs ∈ TsS and Wvs ,Zvs ∈ Tvs (TS).

Denote ws = T τWvs , zs = T τZvs ∈ TsS where τ : TS → S is the
projection.

Let q ∈ π−1(s) and denote vq, wq, zq the horizontal lifts of vs , ws , zs .

〈J,K〉(vs)(Wvs ,Zvs ) = 〈 J(vq) , K(wq, zq) 〉.

It is well defined (independent of q) by equivariance of J and K.

Note: 〈J,K〉 = 0 if
• K = 0 =⇒ D is integrable =⇒ constraints are holonomic.
• D = J−1(0) =⇒ constraints are really conserved quantities of the free

system arising from the G symmetry.

We will be interested in the pull-back of 〈J,K〉 to T ∗S by Leg−1
c .
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The standard nonholonomic two-form and compression

Define the standard nonholonomic two-form on T ∗S by

Ωnh = ΩS − 〈J,K〉

where ΩS is the canonical symplectic form on T ∗S .
An almost symplectic form.

Let Xnh be the vector field on T ∗S defined by

iXnh
Ωnh = dHc
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Compression

Theorem (Koiller)

Let ρ : M→ T ∗S be defined by the composition:

ρ : M
Leg−1

!! D
Tπ|D !! TS

Legc !! T ∗S
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Compression

Theorem (Koiller)

Let ρ : M→ T ∗S be defined by the composition:

ρ : M! "

ι
""

Leg−1

!! D
Tπ|D !! TS

Legc !! T ∗S

T ∗Q

1 H ◦ ι = Hc ◦ ρ.

2 ρ∗Ωnh|C = ι∗ΩQ |C := ΩC . (However ρ∗Ωnh != ι∗ΩQ on M in general.)

3 The vector fields XM
nh and Xnh are ρ-related.

Almost Hamiltonian System (T ∗S ,Ωnh,Hc).
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Outline

1 Almost Hamiltonian Systems
Hamiltonization, Chaplygin’s reducibility theorem

2 Toy Example: The nonholonomic particle

3 Almost Symplectic Formulation of Chaplygin Nonholonomic Systems
Nonholonomic Mechanical Systems
Compression of G -Chaplygin Systems

4 The rolling ball
Interlude: Moving frames for SO(3)
Standard almost symplectic formulation of the Rolling ball
Hamiltonization of the rolling ball

5 Conclusions
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Consider “trivial problem” homogeneous ball that rolls without
slipping on the plane. (No constraint forces)

Q = SO(3)× R2

q = (s, (x , y)) ∈ Q where
(x , y) ∈ R2 are cartesian coordinates on the plane
s ∈ SO(3) relates a spatial coordinate frame to a moving coordinate
frame:

These frames define space and body coordinates.
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Right moving frame for SO(3)

Identify the Lie algebra so(3) with R3 using the hat-map,

v = (v1, v2, v3) %→ v̂ =




0 −v3 v2

v3 0 −v1

−v2 v1 0



 .

Lie algebra isomorphism (R3 equipped with the usual vector product).

Let {e1, e2, e3} be the canonical basis for the Lie algebra so(3) = R3.

Moving frame by right translation:

{
X r

1 (s), X r
2 (s), X r

3 (s)
}

basis for TsSO(3).

Dual co-frame

{ ρ1(s), ρ2(s), ρ3(s) } basis for T ∗
s SO(3).
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Components of a tangent vector vs ∈ TsSO(3):

vs = ω1X
r
1 (s) + ω2X

r
2 (s) + ω3X

r
3 (s)

ω = (ω1,ω2,ω3) is angular velocity in space coordinates.

Components of a cotangent vector αs ∈ T ∗
s SO(3):

αs = Π1ρ1(s) + Π2ρ2(s) + Π3ρ3(s)

Π = (Π1,Π2,Π3) is angular momentum in space coordinates. (Have
in mind rigid body kinetic energy L = 1

2〈αs , vs〉 = 1
2(Π · ω)).
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Note: {τ∗ρi , dΠi} is a moving co-frame for T ∗SO(3). Canonical
one-form:

Θ = Πi ρi

Using Cartan’s structure equations dρ1 = ρ2 ∧ ρ3, . . . canonical
2-form:

Ω = ρi ∧ dΠi − Π1 ρ2 ∧ ρ3 − Π2 ρ3 ∧ ρ1 − Π3 ρ1 ∧ ρ2
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Rolling ball continued

Write a tangent vector vq ∈ TqQ as

vq = ωiX
r
i (s) + vx∂x + vy∂y

q = (s, (x , y)) ∈ Q = SO(3)× R2.

Kinetic energy Lagrangian

L =
1

2
(Iω · ω) +

m

2

(
v2
x + v2

y

)
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Rolling ball continued

Constraints:
vx = rω2, vy = −rω1

Constraint one-forms:

εx = dx − rρ2, εy = dy + rρ1

Distribution:

D = span
{

X r
1 − r∂y , X r

2 + r∂x , X r
3

}
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Rolling ball continued

Symmetries:

! R2-Chapligyn System. Shape space is S = SO(3) = Q/R2.
! Rotations about spatial vertical axis e3 =⇒ vertical component of

angular momentum Π3 = Iω3 is a conserved quantity.

Principal connection A : TQ → R2

A = (dx − rρ2, dy + rρ1)

Curvature K:
K = r (ρ1 ∧ ρ3, ρ2 ∧ ρ3)
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Rolling ball continued

Horizontal lift of vs = ωiX r
i (s):

vq = ω1(X
r
1 (s)− r∂y ) + ω2(X

r
2 (s) + r∂x) + ω3X

r
3 (s)

Compressed Lagrangian:

Lc(vs) =
1

2

(
(I + mr2)ω2

1 + (I + mr2)ω2
2 + Iω2

3

)

Compressed Legendre transform Legc : vs %→ Kiρi (s) where

K1 = (I + mr2)ω1, K2 = (I + mr2)ω2, K3 = Iω3

K1 = Π1 + mr2ω1, K2 = Π2 + mr2ω2, K3 = Π3

Momentum map J : TQ → (R2)∗ = R2

J(vq) = m(vx , vy )
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Rolling ball continued

〈J,K〉 two-form on TS :

〈J,K〉(vs) = mr2( ω2 ρ1 ∧ ρ3 − ω1 ρ2 ∧ ρ3 )

〈J,K〉 two-form on T ∗S :

〈J,K〉(αs) = − mr2

I + mr2
(K2 ρ3 ∧ ρ1 + K1 ρ2 ∧ ρ3 )

Standard nonholonomic two-form:

Ωnh = ΩS − 〈J,K〉
= ρi ∧ dKi − K1 ρ2 ∧ ρ3 − K2 ρ3 ∧ ρ1 − K3 ρ1 ∧ ρ2

+
mr2

I + mr2
(K2 ρ3 ∧ ρ1 + K1 ρ2 ∧ ρ3 )
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〈J,K〉(αs) = − mr2

I + mr2
( K2 ρ3 ∧ ρ1 + K1 ρ2 ∧ ρ3 )

Standard nonholonomic two-form:

Ωnh = ΩS − 〈J,K〉
= ρi ∧ dKi − K1 ρ2 ∧ ρ3 − K2 ρ3 ∧ ρ1 − K3 ρ1 ∧ ρ2

+
mr2

I + mr2
( K2 ρ3 ∧ ρ1 + K1 ρ2 ∧ ρ3 )
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Rolling ball continued

Compressed Hamiltonian Hc : T ∗S → R:

Hc =
1

2

(
K1

I + mr2
+

K2

I + mr2
+

K3

I

)

Dynamics:

Xnh =
K1

I + mr2
X̂ r

1 +
K2

I + mr2
X̂ r

2 +
K3

I
X̂ r

3

Preserved measure

Ω3
S = ρ1 ∧ ρ2 ∧ ρ3 ∧ dK1 ∧ dK2 ∧ dK3
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Hamiltonizable?

Dimension of shape space S = SO(3) is 3 =⇒ cannot apply
Chaplygin’s reducibility theorem.

Candidate for conformal factor is f ≡ 1. However:

d(Ωnh) != 0.

There is no conformal factor f : S → R.

Not Hamiltonizable? Do (almost) symplectic reduction!
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Almost Symplectic Point Reduction (Planas Bielsa 2004)

Almost Hamiltonian System (T ∗S ,Ωas,Hc)

Free and proper left action Φ of Lie group H on T ∗S .

! The action is canonical if

Φ∗h Ωas = Ωas for all h ∈ H.

! - : T ∗S → h∗ is a momentum map if

iξT∗S
Ωas = d〈-, ξ〉 for all ξ ∈ h.

The momentum map is said to be equivariant if

Ad∗h−1 ◦ - = - ◦ Φh
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Luis Garćıa-Naranjo (EPFL) Hamiltonization in nonholonomic Mechanics 50 / 58



Almost Symplectic Point Reduction (Planas Bielsa 2004)

Almost Hamiltonian System (T ∗S ,Ωas,Hc)

Free and proper left action Φ of Lie group H on T ∗S .

! The action is canonical if

Φ∗h Ωas = Ωas for all h ∈ H.

! - : T ∗S → h∗ is a momentum map if

iξT∗S
Ωas = d〈-, ξ〉 for all ξ ∈ h.

The momentum map is said to be equivariant if

Ad∗h−1 ◦ - = - ◦ Φh
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Almost Symplectic Point Reduction

Theorem (Almost Symplectic Point Reduction)

Φ : H × T ∗S → T ∗S free and proper canonical action.

Equivariant momentum map - : T ∗S → h∗.

µ ∈ h∗ regular value of -. Hµ isotropy group of µ under Ad∗.

! Pµ := -−1(µ)/Hµ is an almost symplectic manifold with symplectic
form Ωµ

as uniquely determined by

π∗µΩµ
as = i∗Ωas

! If Hc is H-invariant then there is a reduced Hamiltonian Hµ
c : Pµ → R

and the corresponding almost Hamiltonian vector fields are πµ-related.
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Reduction of the Rolling Ball

Symmetry group

H = SO(2) = { exp(te3) : t ∈ R } ⊂ S

Action is the lift of left multiplication.

Candidate for momentum map is - = K3. (Nonholonomic Noether’s
theorem).

Action is canonical (preserves Ωnh) but . . . does not have a
momentum map. The one-form:

iξT∗S
Ωnh

is not closed!!

Last, unexpected resource:
Change Ωnh!
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Truncation

Recall our freedom:

iXM
nh

ι∗( ΩQ + Ω0) = ι∗
(

dH+
k∑

a=1

λaτ
∗εa

)
.

There are “many” almost symplectic structures for the same vector
field Xnh:

iXnh
(Ωnh + Ω0) = dHc

Non-standard almost symplectic structures.
Pick the one that deviates the least from the canonical form on T ∗S .
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Truncation for the Rolling ball

We had standard nonholonomic form:

Ωnh = ΩS + mr2

(
K2

I + mr2
ρ3 ∧ ρ1 +

K1

I + mr2
ρ2 ∧ ρ3

)

︸ ︷︷ ︸
−〈J,K〉

Replace by

Ωas = ΩS −mr2

(
K3

I
ρ1 ∧ ρ2

)

Ok since Ωnh − Ωas annihilates Xnh.
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Back to reduction of Rolling ball

SO(2) action is canonical (preserves Ωas) and . . .

- = K3 is a
momentum map:

iξT∗S
Ωas = dK3

We can do almost symplectic point reduction. System reduces and
reduced almost Hamiltonian system on -−1(K3) is actually
Hamiltonian!!!

dΩas = −mr2

I
( dK3 ∧ ρ1 ∧ ρ2 )
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Conclusions

Almost Hamiltonian systems (T ∗S ,Ωnh,Hc) arise by compression of
G -Chaplygin nonholonomic systems.

Existence of invariant measure ⇐⇒ Hamiltonization if dimS = 2
(Chaplygin’s reducibility theorem).

Hamiltonization for dimS ≥ 3 is much harder. Non-standard almost
symplectic structures should be considered.

Open problems:

! Find high dimensional Hamiltonizable systems.
! Provide an explanation for the presence of particular magnetic term.
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