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        Our starting point is a set of papers of Dimakis and 
MŸller-Hoissen, where they have shown how to generate 
conservations laws in completely integrable systems by 
means of a bi--differential calculus.

      A second milestone are the results of  Crampin, et al., where 
they have proved that the approach of Dimakis and MŸller-
Hoissen was related to the standard approach of bi-Hamiltonian 
structures of Poisson--Nijenhuis type, this results were extended 
by the same group adding some interesting remarks on the so 
called gauged  bi-differential calculus.

     A detailed description of geometrical properties and a  
generalization to Lie algebroids were given respectively P. Gouha 
and Camacaro, Cari–ena.



       Apart from the previous citations one can Þnd of interest the 
relation of the bi-differential calculi  and the Non-Noether 
symmetries, and the application of the bi-differential calculi  and 
Lie algebroids to speciÞc integrable systems.
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1. L ie A lgebroids

In this sect ion we recall some facts about Lie algebroids and its representat ions
as an exterior di! erent ial algebra.

Def init ion 1.1. A Lie algebroid is a vector bundle ! : A ! M together with:

¥ A Lie bracket [á, á]A on the space " (A) of sect ions of A .
¥ A vector bundle map " : A ! TM over the ident ity, called the anchor,

such that the induced map " : " (A ) ! " (TM ) is a Lie algebra morphism.
¥ The ident ity [X , f Y ]A = f [X , Y ]A + (" (X )f )Y most hold for each pair

X , Y " " (A ) and f " C! (M ).

If we consider coordinates (x1, . . . , xn) on a local chart U # M and a basis
{ eα | # = 1, . . . , r } of local sect ions of ! : A

!
!
U

! U, then the expressions for the
Lie bracket and the anchor are

(1.1) [eα, eβ]A =
r"

γ= 1

C γ
αβ (x)eγ , #, $ = 1, . . . r ,

and

(1.2) " (eα) =
n"

i= 1

ai
α(x)

%
%xi

, # = 1, . . . r ,

respect ively, where C γ
αβ (x) and ai

α(x) are the structural funct ions of the Lie
algebroid.

Examples of Lie algebroids are: i) Every Þnite dimensional Lie algebra g may
be regarded as a vector bundle over a single point . Sect ions are elements of g, the
Lie bracket is that of g, and the anchor map is ident ically zero. ii) The tangent
bundle ! M : TM ! M with the usual bracket on vector Þelds and with anchor the
ident ity map ITM on TM .

We deÞne the graded exterior algebra of a Lie algebroid (A , " , [á, á]A ) via the
exterior vector bundle

# ¥ A . The set " (
# ¥ A) is called A-vector Þelds. Sect ions

of the dual bundle A " are called A $ 1$ forms. Similarly sect ions " (
# ¥ A " ) of# ¥ A " are called A$ forms. The bundle A " is endowed with a nilpotent di! erent ial

operator dA of degree 1, dA : " (
# k A " ) ! " (

# k+ 1 A " ), given by

dA &(X 1, . . . , X i, . . . , X k+ 1) =
"

i

($ 1)i+ 1" (X i)&(X 1, . . . , öX i, . . . , X k+ 1)

+
"

i<j

($ 1)i+ j&([X i, X j ]A , X 1, . . . , öX i, . . . , öX j, . . . X k+ 1) .

This exterior di! erent ial algebra is specially interest ing because it is equivalent
to the Lie algebroid st ructure in A , with the structural maps " and [á, á]A deÞned
as follows:

" (X )f = %dA f , X &,

%' , [X , Y ]&= " (X )(%' , Y &) $ " (Y )(%' , X &) $ dA ' (X , Y ) .

for X , Y " " (A ), f " C! (M ) and ' " " (A " ).
Another important fact about Lie algebroids is the one-one correspondence

between a Lie algebroid st ructure in a vector bundle A and a Poisson structure in
the dual bundle A " whose linear funct ions form a Lie subalgebra (see e.g. [13]).

Lie algebroids and Contractions of Lie algebroids
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i
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Moreover associated to a Lie algebroid st ructure there is also a graded Lie
bracket

[á, á](A ) : ! (
! ¥ A ) ! ! (

! ¥ A ) " ! (
! ¥ A )

which const itute together with the exterior product the well known Gerstenhaber
algebra of the Lie algebroid also called an odd Poisson bracket or Schouten bracket
(see e.g. [13]). If the Gerstenhaber bracket is generated by a linear operator
! : ! (

! ¥ A ) " ! (
! ¥ A ) of degree # 1 such that ! 2 = 0, and

[X , Y ](A ) = (# 1)k "
! (X $ Y ) # ! X $ Y # (# 1)k X $ ! Y

#
,

for every X %! (
! k A ), Y %! (

! ¥ A ), we have an Batalin-Vilkovisky algebra or in
short a BV-Algebra (see e.g. [12]).

In general, it is possible to deÞne a mapping dX : ! (
! p A ∗) " ! (

! p+ 1 A ∗) for
each X %! (

! k A ) by
dX " = i X d" + (# 1)|k | di X " ,

where i X is the inner contract ion with X .
A remarkable type of Lie algebroids, because of its relat ions with integrable

systems are the Lie bialgebroids, int roduced by Kossmann-Schwarzbach in [14]:

Def init ion 1.2. A Lie bialgebroid is a pair ((A , #, [á, á]A ), (A ∗, #∗, [á, á]A ! )) of
Lie algebroids, where A ∗ is the dual bundle of A , such that the di" erent ial dA is
a derivat ion of the Gerstenhaber algebra (! (

! ¥ A ∗), $ , [á, á]A ! ), and the di" erent ial
dA ! is a derivat ion of the Gerstenhaber algebra (! (

! ¥ A ), $, [á, á]A ).

The bialgebroid st ructure is specially interest ing because of its relat ion with
bi-Hamiltonian structure, via the well known relat ion with Poisson-Nijenhuis st ruc-
tures (PN-structures) [5, 14].

2. B iÐdi ! erent ial calcul i , PN -st r uct ures and L ie algebroids.

We will begin this sect ion using the theory of contract ion of a Lie algebroid
st ructure via a Nijenhuis tensor (see e.g. [15, 20]), in order to reproduce the biÐ
di" erent ial calculi developed by Dimakisand M¬ullerÐHoissen and thebiÐHamiltonian
structures of Crampin et al.

Consider a manifold M endowed with a (1, 1)# tensor Þeld N , we say that N
is a Nijenhuis tensor if the corresponding Nijenhuis torsion T(N ) deÞned by

T(N )(X , Y) = [N (X ), N (Y )] # N ([N (X ), Y ] + [X , N (Y )]) + N 2([X , Y ]) .

for every X , Y %! (TM ) vanish. By means of N , itÕs possible to deÞne on TM an
alternat ive Lie algebroid st ructure (see [15, 16]) with bracket

(2.1) [á, á]N = [N (á), á] + [á, N (á)] # N ([á, á]) ,

such that for every X , Y %! (M ) and $ %! (T ∗M ),

&$, [X , Y ]N ' = N (X )&$, Y ' # N (Y )&$, X ' + X &$, N Y ' # Y&$, N X '

# &$, N ([X , Y ])' # d$(N X , Y ) # d$(X , N Y).

The corresponding anchor is # = $N : TM " TM , deÞned by contract ion of N with
vector Þelds. Using the graded conmutator [á, á]D on the space Der ! (

! ¥ T ∗M ) =%
k Derk ! (

! ¥ T ∗M ) thespaceof all graded derivat ions, wewrite thecorresponding
di" erent ial operator on the new Lie algebroid st ructure (TM , N , [á, á]N ) by

(2.2) dN = [i N , d]D ,
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where d is the de Rham different ial and i N is a derivat ion of degree 0, deÞned by

i N ! (X 1, . . . , X p) =
n!

i = 1

! (X 1, . . . , N (X i ), . . . , X p) ,

for any different ial form ! ! Γ (
" p T ! M ).

ItÕs straight forward to check that the two exterior different ial operators d and
dN act ing over Γ(

" ¥ T ! M ), sat isfy

d2 = d2
N = 0 ,

and
[d, dN ]D = 0 .

Then the relat ionsbetween d, dN correspond to theclassical theory of biÐdifferent ial
calculi of Fr¬olicherÐNijenhuis. Not ice, the condit ion d2

N = 0 is equivalent to the
analogous condit ion for dA i.e. the different ial operator dN deÞnes a Lie algebroid
st ructure with bracket and anchor deÞned by

"" , [X , Y ]N #= N (X )("" , Y #) $ N (Y)("" , X #) $ dN " (X , Y ) .

N (X )f = "dN f , X # ,
for every X , Y ! Γ (TM ) and f ! C" (M ). Moreover, wehavethefollowing ident ity

d2
N " (X , Y) = N (X )"dN " , Y#$ N (Y )"dN " , X #$ "dN " , [X , Y ]N #

= N (X )"" , N (Y )#$ N (Y )"" , N (X )#$ "" , N ([X , Y ]N )#

= "" , [N (X ), N (Y )] $ N ([X , Y ]N )#= 0.

and therefore
N ([X , Y ]N ) = [N (X ), N (Y )]

if and only if T (N )(X , Y) = 0. So dN deÞnes an alternat ive Lie algebroid st ructure
corresponding to the contract ion by N of the original Lie algebroid st ructure.

The act ion of dN on f ! C" (M ) and ! ! Γ
#" ¥ T ! M

$
is giving by

dN f = N ! df
dN ! = i N (d! ) $ d(i N ! )

dN (df ) = d(N ! df ).

The structure obtained in this way is the act ion of the Nijenhuis tensor N on
forms as was deÞned in [10].

Pr oposit ion 2.1. Let M be a different iable manifold. Given a (1, 1)$ tensor
Þeld N , the triple (Γ(

" ¥ T ! M ), d, dN ) isa bi-different ial calculi of Fr¬olicher-Nijenhuis
if and only if the t riple (TM , %N , [á, á]N ) deÞnes a Lie algebroid st ructure on M .

Cont inuing with the construct ion of the hierarchy of conserved currents we
Þnd that , the construct ion of Dimakis and M¬ullerÐHoissen can be applied: start ing
under the original but more restrict ive condit ion dN #(0) = 0 or with the less restric-
t ive and more familiar condit ion ddN #(0) = $ dN d#(0) = 0 for #(0) ! Γ(

" s# 1 T ! B );
s % 1, [1, 2], it is possible to construct induct ively a sequence of forms #(m ) , with
m = 0, 1, 2, . . . sat isfying

d#(m + 1) = dN #(m ) .
Here the Lie algebroid st ructure is act ing like a bridge between the algebraic

st ructure of the Nijenhuis tensor and its different ial part , by means of a contract ion
of the Lie algebroid bracket and the operator dN . As we will see, the Lie algebroid
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where use has been made of the graded Jacobi identity satisfied by the Schouten
bracket. In other words, dP is a derivation

dP [X , Y ]sch = [dP (X ), Y ]sch + [X , dP (Y )]sch .

What happens in the case of a Poisson–Nijenhuis manifold is something simi-
lar, but for the structure of Lie algebroid in TB obtained from N , (TB, [·, ·]N , N ),
and the Poisson structure PN .

7 The case of a general Lie algebroid

In much the same way as we did before with the sections of ! in a Lie alge-
broid (! : E! B, " , [·, ·]E ), which were a generalization of vector fields, we can
consider the exterior algebra, which is a graded algebra whose elements will
be called E -multi-vector fields. There is also a graded Lie bracket on the linear
space ! (

! ¥ E ) of sections of
! ¥ E , which constitutes with the associative and

graded commutative product " the so called Gerstenhaber algebra of the Lie
algebroid. Then, we can define a E -Poisson structure by a E -bivector field " E

such that [" E , " E ](E ) = 0, where [·, ·](E ) is the Gerstenhaber bracket defined
on ! (

! ¥ E ).

A section of E # E ! will be called a (1, 1)-E -tensor. Given a (1, 1)-E -tensor
field, i.e. N $ ! (E # E ! ), we can associate with it a map i N which is a
derivation in the tensorial algebras of sections of ! and #, such that

i N X = N (X ) for X $ ! (E ) ,
i N µ = N T (µ) for µ $ ! (E ! ) .

We will say that N is a Nijenhuis structure for the Lie algebroid E if the
torsion TE (N )(X , Y ) vanishes for all E -vector fields X , Y , where TE (N )(X , Y )
is defined as

TE (N )(X , Y ) = N ([N (X ), Y ]E + [X , N (Y )]E %N ([X , Y ])E )%[N (X ), N (Y )]E .

An E -Nijenhuis tensor N induces a new Lie algebroid structure on E defined
by the bracket

[X , Y ]E N = [N (X ), Y ]E + [X , N (Y )]E %N ([X , Y ]E ) ,

and anchor map " N = " &N where " is the original anchor map of E .

17

Lie algebroid

whereusehasbeenmadeof the gradedJacobiidentit y satisÞedby the Schouten
bracket. In other words, dP is a derivation

dP [X , Y]sch = [dP (X ), Y]sch + [X , dP (Y)]sch .

What happensin the caseof a PoissonÐNijenhuis manifold is somethingsimi-
lar, but for the structure of Lie algebroid in TB obtainedfrom N , (TB, [á, á]N , N ),
and the Poissonstructure PN .

7 The case of a general Lie algebr oid

In much the sameway as we did before with the sections of ! in a Lie alge-
broid (! : E ! B , " , [á, á]E ), which were a generalization of vector Þelds,we can
considerthe exterior algebra, which is a graded algebra whose elements will
be called E-multi-v ector Þelds.There is alsoa gradedLie bracket on the linear
space! (

∧¥ E) of sections of
∧¥ E, which const itutes with the associativ e and

gradedcommutat ive product " the so called Gerstenhaber algebra of the Lie
algebroid. Then, we can deÞnea E-Poissonstructure by a E-bivector Þeld" E

such that [" E , " E ](E ) = 0, where[á, á](E ) is the Gerstenhaber bracket deÞned
on ! (

∧¥ E).

A section of E # E ! will be called a (1, 1)-E-tensor. Given a (1, 1)-E-tensor
Þeld, i.e. N $ ! (E # E ! ), we can associate with it a map iN which is a
derivation in the tensorial algebrasof sections of ! and #, such that

iN X = N (X ) for X $ ! (E) ,
iN µ = N T (µ) for µ $ ! (E ! ) .

We will say that N is a Nijenhuis structure for the Lie algebroid E if the
torsion TE (N )(X , Y) vanishesfor all E-vector ÞeldsX , Y, whereTE (N )(X , Y)
is deÞnedas

TE (N )(X , Y) = N ([N (X ), Y]E + [X , N (Y)]E %N ([X , Y])E )%[N (X ), N (Y)]E .

An E-Nij enhuis tensor N inducesa new Lie algebroid structure on E deÞned
by the bracket

[X , Y]E N = [N (X ), Y]E + [X , N (Y)]E %N ([X , Y]E ) ,

and anchor map " N = " &N where" is the original anchor map of E.

17



whereusehasbeenmadeof the gradedJacobiidentit y satisÞedby the Schouten
bracket. In other words, dP is a derivation

dP [X , Y]sch = [dP (X ), Y]sch + [X , dP (Y)]sch .

What happensin the caseof a PoissonÐNijenhuis manifold is somethingsimi-
lar, but for the structure of Lie algebroid in TB obtainedfrom N , (TB, [á, á]N , N ),
and the Poissonstructure PN .

7 The case of a general Lie algebr oid

In much the sameway as we did before with the sections of ! in a Lie alge-
broid (! : E ! B , " , [á, á]E ), which were a generalization of vector Þelds,we can
considerthe exterior algebra, which is a graded algebra whose elements will
be called E-multi-v ector Þelds.There is alsoa gradedLie bracket on the linear
space! (

! ¥ E) of sections of
! ¥ E, which const itutes with the associativ e and

gradedcommutat ive product " the so called Gerstenhaber algebra of the Lie
algebroid. Then, we can deÞnea E-Poissonstructure by a E-bivector Þeld" E

such that [" E , " E ](E ) = 0, where[á, á](E ) is the Gerstenhaber bracket deÞned
on ! (

! ¥ E).

A section of E # E ! will be called a (1, 1)-E-tensor. Given a (1, 1)-E-tensor
Þeld, i.e. N $ ! (E # E ! ), we can associate with it a map iN which is a
derivation in the tensorial algebrasof sections of ! and #, such that

iN X = N (X ) for X $ ! (E) ,
iN µ = N T (µ) for µ $ ! (E ! ) .

We will say that N is a Nijenhuis structure for the Lie algebroid E if the
torsion TE (N )(X , Y) vanishesfor all E-vector ÞeldsX , Y, whereTE (N )(X , Y)
is deÞnedas

TE (N )(X , Y) = N ([N (X ), Y]E + [X , N (Y)]E %N ([X , Y])E )%[N (X ), N (Y)]E .

An E-Nij enhuis tensor N inducesa new Lie algebroid structure on E deÞned
by the bracket

[X , Y]E N = [N (X ), Y]E + [X , N (Y)]E %N ([X , Y]E ) ,

and anchor map " N = " &N where" is the original anchor map of E.

17



Note that the torsion being zero is equivalent to N : (E, [á, á]E N ) → (E, [á, á]E )
to be a homomorphism:

N ([X , Y]E N ) = [N (X ), N (Y)]E .

The exterior di! erential operator dE N in " (
! ¥ E ! ) turns out to be such that

dE N = [iN , dE ] = iN ◦ dE − dE ◦ i N .

Onceagain we Þnd a bi-di! erential structure associated in this casewith the
E-Nij enhuis tensorÞeldN which is deÞnedby thepair of di! erential operators
(dE , dE N ), where both di! erential operators are of degree 1 and satisfy

d2
E = d2

E N = 0 , [dE , dE N ]s = dE ◦ dE N + dE N ◦ dE = 0 ,

because

dE ◦ dE N = dE ◦ i E ◦ dE , dE N ◦ dE = −dE ◦ i E ◦ dE .

Of course,when E = TM we recover the theory of bi-di! erential calculusof
Fr¬olicherÐNij enhuis.

An interest ing example of this E-Nij enhuis tensor Þeld which may be useful
in the development of Lagrangian mechanics in Lie algebroid is the vertical
endomorphism in the extended Lie algebroid introduced by Mart«õnez[?,?] as
an appropriate counterpart of the tangent bundle of the tangent bundle of a
manifold.

The conceptof Poisson structure can also be generalizedto the framework of
Lie algebroids, using the Gerstenhaber bracket of E-bi-vector Þeldsinsteadof
the Schouten bracket of bi-vector Þelds.So, an E-Poissonstructure # E in a
Lie algebroid has associated a vector bundle map "# E : E ! → E when it is
evaluated on E-1-covectors, and allows us to deÞnea Lie algebroid structure
on E ! by meansof a Lie bracket on E-1-forms given by

[! , " ]! E = d"! E (! ) " − d"! E (" ) ! − d(# E (! , " )) . (7.10)

and with an anchor map given by #! = # ◦ "# E . Here, if X is a E-vector Þeld,
dX denotesdX = iX ◦ dE + dE ◦ i X .

The corresponding E ! -exterior di! erent ial operator turns out to be dE ! =
d! E = [# E , á](E ) .

A conceptof E-PoissonÐNijenhuis can alsobe introducefor a pair (N, # E ) of
a E-Nij enhuis structure and a E-Poissontensor such that N ◦ "# E = "# E ◦N T
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where d is the de Rham di! erent ial and i N is a derivat ion of degree 0, deÞned by

i N ϑ (X 1, . . . , X p) =
n!

i = 1

ϑ(X 1, . . . , N (X i ), . . . , X p) ,

for any di! erent ial form ϑ ∈ " (
" p T ! M ).

ItÕs straight forward to check that the two exterior di! erent ial operators d and
dN act ing over " (

" • T ! M ), sat isfy

d2 = d2
N = 0 ,

and
[d, dN ]D = 0 .

Then the relat ionsbetween d, dN correspond to theclassical theory of biÐdi! erent ial
calculi of Fr¬olicherÐNijenhuis. Not ice, the condit ion d2

N = 0 is equivalent to the
analogous condit ion for dA i.e. the di! erent ial operator dN deÞnes a Lie algebroid
st ructure with bracket and anchor deÞned by

〈θ, [X , Y ]N 〉 = N (X )(〈θ, Y 〉) − N (Y)(〈θ, X 〉) − dN θ(X , Y ) .

N (X )f = 〈dN f , X 〉 ,
for every X , Y ∈ " (TM ) and f ∈ C" (M ). Moreover, wehavethefollowing ident ity

d2
N θ(X , Y) = N (X )〈dN θ, Y 〉 − N (Y )〈dN θ, X 〉 − 〈dN θ, [X , Y ]N 〉

= N (X )〈θ, N (Y )〉 − N (Y )〈θ, N (X )〉 − 〈θ, N ([X , Y ]N )〉

= 〈θ, [N (X ), N (Y )] − N ([X , Y ]N )〉 = 0.

and therefore
N ([X , Y ]N ) = [N (X ), N (Y )]

if and only if T (N )(X , Y) = 0. So dN deÞnes an alternat ive Lie algebroid st ructure
corresponding to the contract ion by N of the original Lie algebroid st ructure.

The act ion of dN on f ∈ C" (M ) and ϑ ∈ "
#" • T ! M

$
is giving by

dN f = N ! df
dN ϑ = i N (dϑ) − d(i N ϑ)

dN (df ) = d(N ! df ).

The structure obtained in this way is the act ion of the Nijenhuis tensor N on
forms as was deÞned in [10].

Pr oposit ion 2.1. Let M be a di! erent iable manifold. Given a (1, 1)−tensor
Þeld N , the triple (" (

" • T ! M ), d, dN ) isa bi-di! erent ial calculi of Fr¬olicher-Nijenhuis
if and only if the t riple (TM , %N , [á, á]N ) deÞnes a Lie algebroid st ructure on M .

Cont inuing with the construct ion of the hierarchy of conserved currents we
Þnd that , the construct ion of Dimakis and M¬ullerÐHoissen can be applied: start ing
under the original but more restrict ive condit ion dN χ(0) = 0 or with the less restric-
t ive and more familiar condit ion ddN χ(0) = −dN dχ(0) = 0 for χ(0) ∈ " (

" s# 1 T ! B );
s ≥ 1, [1, 2], it is possible to construct induct ively a sequence of forms χ(m ) , with
m = 0, 1, 2, . . . sat isfying

dχ(m + 1) = dN χ(m ) .
Here the Lie algebroid st ructure is act ing like a bridge between the algebraic

st ructure of the Nijenhuis tensor and its di! erent ial part , by means of a contract ion
of the Lie algebroid bracket and the operator dN . As we will see, the Lie algebroid

4 JA IM E R. CA M A CA RO A ND JUA N CA RL OS M ORENO

where d is the de Rham di! erent ial and i N is a derivat ion of degree 0, deÞned by
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1. L ie A lgebroids

In this sect ion we recall some facts about Lie algebroids and its representat ions
as an exterior di! erent ial algebra.

Def init ion 1.1. A Lie algebroid is a vector bundle ! : A ! M together with:

¥ A Lie bracket [á, á]A on the space " (A) of sect ions of A .
¥ A vector bundle map " : A ! TM over the ident ity, called the anchor,

such that the induced map " : " (A ) ! " (TM ) is a Lie algebra morphism.
¥ The ident ity [X , f Y ]A = f [X , Y ]A + (" (X )f )Y most hold for each pair

X , Y " " (A ) and f " C∞(M ).

If we consider coordinates (x1, . . . , xn ) on a local chart U # M and a basis
{ e! | # = 1, . . . , r } of local sect ions of ! : A

!
!
U ! U, then the expressions for the

Lie bracket and the anchor are

(1.1) [e! , e" ]A =
r"

#=1

C #
! " (x)e# , #, $ = 1, . . . r ,

and

(1.2) " (e! ) =
n"

i =1

ai
! (x)

%
%xi , # = 1, . . . r ,

respect ively, where C #
! " (x) and ai

! (x) are the structural funct ions of the Lie
algebroid.

Examples of Lie algebroids are: i) Every Þnite dimensional Lie algebra g may
be regarded as a vector bundle over a single point . Sect ions are elements of g, the
Lie bracket is that of g, and the anchor map is ident ically zero. ii) The tangent
bundle ! M : TM ! M with the usual bracket on vector Þelds and with anchor the
ident ity map IT M on TM .

We deÞne the graded exterior algebra of a Lie algebroid (A , " , [á, á]A ) via the
exterior vector bundle

# ¥ A . The set " (
# ¥ A) is called A-vector Þelds. Sect ions

of the dual bundle A ∗ are called A $ 1$ forms. Similarly sect ions " (
# ¥ A ∗) of# ¥ A ∗ are called A$ forms. The bundle A ∗ is endowed with a nilpotent di! erent ial

operator dA of degree 1, dA : " (
# k A ∗) ! " (

# k+1 A ∗), given by

dA &(X 1, . . . , X i , . . . , X k+1) =
"

i

($ 1)i +1" (X i )&(X 1, . . . , öX i , . . . , X k+1)

+
"

i < j

($ 1)i +j &([X i , X j ]A , X 1, . . . , öX i , . . . , öX j , . . . X k+1) .

This exterior di! erent ial algebra is specially interest ing because it is equivalent
to the Lie algebroid st ructure in A , with the structural maps " and [á, á]A deÞned
as follows:

" (X )f = %dA f , X &,

%' , [X , Y ]&= " (X )(%' , Y &) $ " (Y )(%' , X &) $ dA ' (X , Y ) .

for X , Y " " (A ), f " C∞(M ) and ' " " (A ∗).
Another important fact about Lie algebroids is the one-one correspondence

between a Lie algebroid st ructure in a vector bundle A and a Poisson structure in
the dual bundle A ∗ whose linear funct ions form a Lie subalgebra (see e.g. [13]).

Back on
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Moreover associated to a Lie algebroid st ructure there is also a graded Lie
bracket

[á, á](A ) : ! (
! ¥ A ) ! ! (

! ¥ A ) " ! (
! ¥ A )

which const itute together with the exterior product the well known Gerstenhaber
algebra of the Lie algebroid also called an odd Poisson bracket or Schouten bracket
(see e.g. [13]). If the Gerstenhaber bracket is generated by a linear operator
! : ! (

! ¥ A ) " ! (
! ¥ A ) of degree # 1 such that ! 2 = 0, and

[X , Y ](A ) = (# 1)k "
! (X $ Y ) # ! X $ Y # (# 1)k X $ ! Y

#
,

for every X %! (
! k A ), Y %! (

! ¥ A ), we have an Batalin-Vilkovisky algebra or in
short a BV-Algebra (see e.g. [12]).

In general, it is possible to deÞne a mapping dX : ! (
! p A ! ) " ! (

! p+ 1 A ! ) for
each X %! (

! k A ) by
dX " = i X d" + (# 1)|k | di X " ,

where i X is the inner contract ion with X .
A remarkable type of Lie algebroids, because of its relat ions with integrable

systems are the Lie bialgebroids, int roduced by Kossmann-Schwarzbach in [14]:

Def init ion 1.2. A Lie bialgebroid is a pair ((A , #, [á, á]A ), (A ! , #! , [á, á]A ! )) of
Lie algebroids, where A ! is the dual bundle of A , such that the di" erent ial dA is
a derivat ion of the Gerstenhaber algebra (! (

! ¥ A ! ), $, [á, á]A ! ), and the di" erent ial
dA ! is a derivat ion of the Gerstenhaber algebra (! (

! ¥ A ), $, [á, á]A ).

The bialgebroid st ructure is specially interest ing because of its relat ion with
bi-Hamiltonian structure, via the well known relat ion with Poisson-Nijenhuis st ruc-
tures (PN-structures) [5, 14].

2. B iÐdi ! erent ial calcul i , PN -st r uct ures and L ie algebroids.

We will begin this sect ion using the theory of contract ion of a Lie algebroid
st ructure via a Nijenhuis tensor (see e.g. [15, 20]), in order to reproduce the biÐ
di" erent ial calculi developed by Dimakisand M¬ullerÐHoissen and thebiÐHamiltonian
structures of Crampin et al.

Consider a manifold M endowed with a (1, 1)# tensor Þeld N , we say that N
is a Nijenhuis tensor if the corresponding Nijenhuis torsion T(N ) deÞned by

T(N )(X , Y) = [N (X ), N (Y )] # N ([N (X ), Y ] + [X , N (Y )]) + N 2([X , Y ]) .

for every X , Y %! (TM ) vanish. By means of N , itÕs possible to deÞne on TM an
alternat ive Lie algebroid st ructure (see [15, 16]) with bracket

(2.1) [á, á]N = [N (á), á] + [á, N (á)] # N ([á, á]) ,

such that for every X , Y %! (M ) and $ %! (T ! M ),

&$, [X , Y ]N ' = N (X )&$, Y ' # N (Y )&$, X ' + X &$, N Y ' # Y&$, N X '

# &$, N ([X , Y ])' # d$(N X , Y ) # d$(X , N Y).

The corresponding anchor is # = $N : TM " TM , deÞned by contract ion of N with
vector Þelds. Using the graded conmutator [á, á]D on the space Der ! (

! ¥ T ! M ) =%
k Derk ! (

! ¥ T ! M ) thespaceof all graded derivat ions, wewrite thecorresponding
di" erent ial operator on the new Lie algebroid st ructure (TM , N , [á, á]N ) by

(2.2) dN = [i N , d]D ,
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Moreover associated to a Lie algebroid structure there is also a graded Lie
bracket

[á, á](A ) : ! (
∧¥ A ) ! ! (

∧¥ A ) " ! (
∧¥ A )

which constitute together with the exterior product the well known Gerstenhaber
algebra of the Lie algebroid also called an odd Poisson bracket or Schouten bracket
(see e.g. [13]). If the Gerstenhaber bracket is generated by a linear operator
! : ! (

∧¥ A ) " ! (
∧¥ A ) of degree # 1 such that ! 2 = 0, and
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,

for every X %! (
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short a BV-Algebra (see e.g. [12]).

In general, it is possible to define a mapping dX : ! (
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∧p+ 1 A ! ) for

each X %! (
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A remarkable type of Lie algebroids, because of its relations with integrable

systems are the Lie bialgebroids, introduced by Kossmann-Schwarzbach in [14]:

Def init ion 1.2. A Lie bialgebroid is a pair ((A , #, [á, á]A ), (A ! , #! , [á, á]A ! )) of
Lie algebroids, where A ! is the dual bundle of A , such that the di" erential dA is
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The bialgebroid structure is specially interesting because of its relation with
bi-Hamiltonian structure, via the well known relation with Poisson-Nijenhuis struc-
tures (PN-structures) [5, 14].

2. B iÐdi ! erent ial calcul i , PN -st r uct ures and L ie algebroids.

We will begin this section using the theory of contraction of a Lie algebroid
structure via a Nijenhuis tensor (see e.g. [15, 20]), in order to reproduce the bi–
di" erential calculi developed by Dimakis and Müller–Hoissen and the bi–Hamiltonian
structures of Crampin et al.

Consider a manifold M endowed with a (1, 1)# tensor field N , we say that N
is a Nijenhuis tensor if the corresponding Nijenhuis torsion T (N) defined by

T (N)(X, Y ) = [N(X), N(Y )] # N([N(X), Y ] + [X, N(Y )]) + N2([X, Y ]) .

for every X, Y %! (TM) vanish. By means of N , it’s possible to define on TM an
alternative Lie algebroid structure (see [15, 16]) with bracket

(2.1) [á, á]N = [N(á), á] + [á, N(á)] # N([á, á]) ,

such that for every X, Y %! (M) and $ %! (T ! M),

&$, [X, Y ]N ' = N(X)&$, Y ' # N(Y )&$, X ' + X&$, NY ' # Y &$, NX '

# &$, N([X, Y ])' # d$(NX, Y ) # d$(X, NY ).

The corresponding anchor is # = N̂ : TM " TM , defined by contraction of N with
vector fields. Using the graded conmutator [á, á]D on the space Der! (

∧¥ T ! M) =⊕
k Derk ! (

∧¥
T ! M) the space of all graded derivations, we write the corresponding

di" erential operator on the new Lie algebroid structure (TM, N, [á, á]N ) by

(2.2) dN = [iN , d]D ,

Now the Dimakis, MŸller-Hoissen construction.
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where d is the de Rham di! erent ial and iN is a derivat ion of degree 0, deÞned by

iN ! (X1, . . . , Xp) =
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0.1 C«alculo Bi-diferencial, estructura bi-Hamiltoniana y algebroides de
Lie.

Para Þnalizar este cap«õtulo daremos un vistazo al calculo bi-diferencial y a la estructura bi-
Hamiltoniana asociada a un algebroide de Lie A y su contracci «on con un tensor de Nijenhuis
general.

Comencemos recordando c«omo se deÞne en general una estructura bi-diferencial, tambi«en
conocidacomo «algebrabi-diferencial o complejo doble.

SeaA un «algebraasociativay consideremosun «algebraZ-graduadasobreA,

!
!
A

"
=

#

r

! r !
A

"
,

donde ! r (A) denota la sub«algebraasociada de los elementosde grado r , siendo ! 0
!
A

"
= A.

Asimismo suponemosque en A existe un elemento identidad I tal que I ! = ! I = ! para todo
! ∈ ! •

!
A

"
.

DeÞniremos un calculo diferencial sobre A como el par
!
!

!
A

"
, d

"
, consistente en una

«algebra graduada !
!
A

"
y una aplicaci «on lineal d : ! r

!
A

"
→ ! r + 1

!
A

"
, que satisface las

siguientespropiedades
d2 = 0,

d (" #) = (d" ) # + (−1)a " (d#) ,

con " ∈ ! a
!
A

"
y # ∈ ! •

!
A

"
. Adem«asla acci «on ded sobre I esd I = 0.

A una terna
!
!

!
A

"
, d, $

"
, donde!

!
A

"
esun «algebragraduadasobreA y tanto d como $

son aplicaciones linealesd, $ : ! r
!
A

"
→ ! r + 1

!
A

"
quesatisfacen

d2 = $2 = 0,

d (" #) = (d" ) # + (−1)a " (d#) ,

$(" #) = ($" ) # + (−1)a " ($#) ,

y
d$ + $d = 0,

para " ∈ ! a
!
A

"
y # ∈ ! •

!
A

"
, la llamaremos un c«alculo bi-diferencial sobre A. Observe-

mos que, en forma trivial, toda «algebra diferencial
!
!

!
A

"
, d

"
deÞne un calculo bi-diferencial!

!
!
A

"
, d, $

"
, cuando $ = d.

Notemosqueen ladeÞnici «ondel calculo bi-diferencial hemossupuesto queambosoperado-
resd y $ act«uan sobreuna «unicagraduaci «on en !

!
A

"
, pero estadeÞnici «on y lassiguientesser«an

totalmenteequivalentessi suponemosquecadaunodelosoperadoresact«uasobreunagraduaci «on
diferente, teniendo queconsiderar en ese caso un complejo dobleo bi-graduado.

Sea
!
!

!
A

"
, d, $

"
un «algebrabi-diferencial tal que lacohomolog«õadel operador $ es trivial

para s ≥ 1, es decir, que toda forma $-cerrada es $-exacta, H s
!

!
!

!
A

""
= 0. Si un elemento

%(0) ∈ ! s! 1
!
A

"
distinto de cero es tal que $%(0) = 0 y deÞnimos j (1) = d%(0) ∈ ! s

!
A

"
,

entoncesencontramosque
$j (1) = −d$%(0) = 0 ,

a bi-differential algebra,
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Para finalizar este capı́tulo daremos un vistazo al calculo bi-diferencial y a la estructura bi-
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, consistente en una
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, que satisface las

siguientes propiedades
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A una terna
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mos que, en forma trivial, toda álgebra diferencial
!
!

!
A

"
, d

"
define un calculo bi-diferencial!

!
!
A

"
, d, $
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, cuando $ = d.

Notemos que en la definición del calculo bi-diferencial hemos supuesto que ambos operado-

res d y $ actúan sobre una única graduación en !
!
A

"
, pero esta definición y las siguientes serán

totalmente equivalentes si suponemos que cada uno de los operadores actúa sobre una graduación

diferente, teniendo que considerar en ese caso un complejo doble o bi-graduado.

Sea
!
!

!
A

"
, d, $

"
un álgebra bi-diferencial tal que la cohomologı́a del operador $ es trivial

para s $ 1, es decir, que toda forma $-cerrada es $-exacta, H s
!

!
!

!
A

""
= 0. Si un elemento

%(0) ! ! s−1
!
A

"
distinto de cero es tal que $%(0) = 0 y definimos j (1) = d%(0) ! ! s

!
A

"
,

entonces encontramos que

$j (1) = # d$%(0) = 0 ,
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de tal maneraqueexisteun ! (1) ! ! s! 1
!
A

"
tal que

j (1) = " ! (1) .

Este proceso puede ser iterado, de formaque una vez obtenido ! (m ! 1) ! ! s! 1
!
A

"
distinto de

cero, deÞnimos j (m ) ! ! s
!
A

"
mediante

j (m ) = d! (m ! 1) ,

queveriÞca
" j (m ) = 0 , j (m ) = d! (m ! 1) .

De esta manera se puede construir una sucesi «on { j (k ) } de s-formas " -cerradas y otra que
denotaremospor { ! (k ) ! ! s! 1

!
A

"
} quesatisfacen

j (k) = " ! (k ) .

En consecuencia, la sucesi «on { ! (k ) ! ! s! 1
!
A

"
} es tal que

d! (k) = " ! (k+ 1) .

Laconstrucci «on anterior se puedeexpresar esquem«aticamentepor:

0 ! (0)!

d

0 j (1)!

d

! (1)!

d

0 j (2)!

d

! (2)!

d

0 j (3)!

d

! (3)!

d

0 j (4)!

Si ahora introducimosla siguienteexpresi «on para las funciones!

! =
"#

m = 0

#m ! (m ) ,

que en general se puede interpretar como una serie formal en el par«ametro o indeterminada #,
entonces

" ! = # d! .
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EX I ST EN CE OF CON SERVAT I ON LAW S
A N D CH A R A CT ER I ZAT I ON OF R ECU R SI ON OPER AT OR S

FOR COM PLET ELY I N T EGR A B LE SY ST EM S

JOSEPH GRIFONE AND M OHAM AD M EHDI

A bst r act . Using the Spencer-Goldschmidt version of the Cartan-K ¬ahler the-
orem, we give condit ions for (local) existence of conservat ion laws for analyt -
ical quasi-l inear systems of two independent variables. T his result is applied
to characterize the recursion operator (in the sense of M agri) of completely
integrable systems.

I ntr oductio n

A conservat ion law for a (1-1) tensor Þeld h on a manifold M is a 1-form ! which
sat isÞes d! = 0 and dh! ! = 0, where h! is the transpose of h : (h! ! )(X ) := ! (hX ).

Conservat ion lawsarise, for example, in the following classical problem. Consider
a system of n quasi-linear equat ions in two independent variables:

" xi

" u
+ hi

j (x)
" xj

" v
= 0 (i = 1, ..., n)(! )

(repeated indices being summed from 1 to n). If ! := #i (x) dxi is a conservat ion law
with respect to the (1-1) tensor Þeld deÞned by the matrix hi

j , there exist locally
two funct ions f and g so that ! = df and h! ! = dg, i.e. #i = ! f

! x i and hi
j #i = ! g

! x j ,
and we have

0 = #i
" xi

" u
+ #i hi

j
" xj

" v
=

" f
" xj

" xj

" u
+

" g
" xj

" xj

" v
.

Then for any solut ion xi (u, v) of the system (* ), we have

" f (x(u, v))
" u

+
" g(x(u, v))

" v
= 0,

and it contains a conservat ion law in the sense of Lax [9].
Many interest ing propert ies have been developed for systems of part ial di! eren-

t ial equat ions which contain conservat ion laws, and in part icular for systems which
can be expressed ent irely in terms of conservat ion laws. It is therefore of interest
to know when these condit ions are sat isÞed.

More recent ly, conservat ion laws have been employed by Magri in his classical
paper concerning Hamiltonian completely integrablesystems [11]: h is the recursion
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Laconstrucci «on anterior se puedeexpresar esquem«aticamentepor:

0 ! (0)δ

d

0 j (1)δ

d

! (1)δ

d

0 j (2)δ

d

! (2)δ

d

0 j (3)δ

d

! (3)δ

d

0 j (4)δ

Si ahora introducimosla siguienteexpresi «on para las funciones!

! =
∞#

m= 0

#m! (m) ,

que en general se puede interpretar como una serie formal en el par«ametro o indeterminada #,
entonces

" ! = # d! .
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0.1 C«alculo bi-diferencial y algebroides de Lie.

En esta secci «on daremos cuatro ejemplos de algebroides de Lie, bialgebroides de Lie y de la
estructurabi-diferencial asociadasa «estos, mediante lacontracci «on con estructurasdeNijenhuis.
Adem«as observaremos c«omo se pueden usar estas estructuras en el estudio de las cantidades
conservadasasociadasa las teor«õas topol «ogicasy sistemas completamente integrablesasociados
a «estasen el sentido deDimakisy M ¬ullerÐHoissen [?], (ver cap«õtulo ??).

Ej empl o 0.1.1. Comenzaremos estudiando el caso de un algebroide de Lie sobre una
variedad dotadadeunaestructuracompleja (B , J ).

Como hemosvisto la estructuracomplejaJ sobre la variedad B esel ejemplo b«asico de un
algebroidedeLiecomplejo. Recordemosadem«asqueel hecho deque laestructuracomplejasea
un tensor de Nijenhuisnosdice que esposibledeÞnir unanuevaestructurade algebroidede Lie
sobreTB , medianteel corchete

[X , Y ]J = [J X , Y ] + [X , J Y ] ! J [X , Y ] ,

y con unaaplicaci «on ancla ! = J .
Entonces, sobre TB existen dos estructuras de algebroides de Lie, cada una dotada de un

operador A-exterior: el operador exterior de DeRham (d) y el diferencial deÞnido por

dJ = [J ∗, d]s,

satisfaciendo ambos
d2 = d2

J = 0,

y siendo talesque
[d, dJ ]s = 0 .

Recordemos que esta estructura bi-diferencial es equivalente a la estructura bi-diferencial
cl«asicadeFr¬olicher-Nijenhuis.

Asimismo, de la estructura de algebroide de Lie como de la deÞnici «on del «algebra A-
exterior, encontramosque la acci «on del diferencial dJ sobre funcionesen la base B y A-formas
diferencialeses:

dJ f = J ∗df , " f # C∞(B ) ,

dJ " = J ∗d" + d(J ∗" ) , " # ! ¥(B ) ,

dJ (df ) = d (J ∗df ) , " f # C∞(B ) .

Usando la construcci «on de Dimakis y M ¬ullerÐHoissen encontramos un conjunto de canti-
dades conservadas, construidas a partir de una funci «on distinta de cero, #(0) # C∞(B ), que
satisface ddJ #(0) = dJ d#(0) = 0, por medio de una sucesi «on de funciones#(m ) que satisfacen
lasiguienteecuaci «on descendente

d#(m + 1) = dJ #(m ) .

Si la variedad compleja (B , J ) est«a dotada de una estructura simpl«ectica $ que satisface
la condici «on $(J (á), á) = $(á, J (á)), entonces, esto implica que en general las funciones #(m )

deÞnidaspor medio del bi-complejo (d, dJ ) estar«an en involuci «on. M«as a«un, como hemosvisto,
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Adem«as observaremos c«omo se pueden usar estas estructuras en el estudio de las cantidades
conservadasasociadasa las teor«õas topol «ogicasy sistemas completamente integrablesasociados
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un tensor de Nijenhuisnosdice que esposibledeÞnir unanuevaestructurade algebroidede Lie
sobreTB , medianteel corchete

[X , Y ]J = [J X , Y ] + [X , J Y ] ! J [X , Y ] ,

y con unaaplicaci «on ancla ! = J .
Entonces, sobre TB existen dos estructuras de algebroides de Lie, cada una dotada de un

operador A-exterior: el operador exterior de DeRham (d) y el diferencial deÞnido por

dJ = [J ! , d]s,

satisfaciendo ambos
d2 = d2

J = 0,

y siendo talesque
[d, dJ ]s = 0 .

Recordemos que esta estructura bi-diferencial es equivalente a la estructura bi-diferencial
cl«asicadeFr¬olicher-Nijenhuis.

Asimismo, de la estructura de algebroide de Lie como de la deÞnici «on del «algebra A-
exterior, encontramosque la acci «on del diferencial dJ sobre funcionesen la base B y A-formas
diferencialeses:

dJ f = J ! df , " f # C" (B ) ,

dJ " = J ! d" + d (J ! " ) , " # ! •(B ) ,

dJ (df ) = d (J ! df ) , " f # C" (B ) .

Usando la construcci «on de Dimakis y M ¬ullerÐHoissen encontramos un conjunto de canti-
dades conservadas, construidas a partir de una funci «on distinta de cero, #(0) # C" (B ), que
satisface ddJ#(0) = dJd#(0) = 0, por medio de una sucesi «on de funciones#(m) que satisfacen
lasiguienteecuaci «on descendente

d#(m+ 1) = dJ#(m) .

Si la variedad compleja (B , J ) est«a dotada de una estructura simpl«ectica $ que satisface
la condici «on $(J (á), á) = $(á, J (á)), entonces, esto implica que en general las funciones #(m)

deÞnidaspor medio del bi-complejo (d, dJ ) estar«an en involuci «on. M«as a«un, como hemosvisto,
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0.1 C«alculo bi-diferencial y algebroides de Lie.

En esta secci «on daremos cuatro ejemplos de algebroides de Lie, bialgebroides de Lie y de la
estructurabi-diferencial asociadasa «estos, mediante lacontracci «on con estructurasdeNijenhuis.
Adem«as observaremos c«omo se pueden usar estas estructuras en el estudio de las cantidades
conservadasasociadasa las teor«õas topol «ogicasy sistemas completamente integrablesasociados
a «estasen el sentido deDimakisy M ¬ullerÐHoissen [?], (ver cap«õtulo ??).

Ejemplo 0.1.1. Comenzaremos estudiando el caso de un algebroide de Lie sobre una
variedad dotadadeunaestructuracompleja (B , J ).

Como hemosvisto la estructuracomplejaJ sobre la variedad B esel ejemplo b«asico de un
algebroidedeLiecomplejo. Recordemosadem«asqueel hecho deque laestructuracomplejasea
un tensor de Nijenhuisnosdice que esposibledeÞnir unanuevaestructurade algebroidede Lie
sobreTB , medianteel corchete

[X , Y ]J = [J X , Y ] + [X , J Y ] ! J [X , Y ] ,

y con unaaplicaci «on ancla ! = J .
Entonces, sobre TB existen dos estructuras de algebroides de Lie, cada una dotada de un

operador A-exterior: el operador exterior de DeRham (d) y el diferencial deÞnido por

dJ = [J ! , d]s,

satisfaciendo ambos
d2 = d2

J = 0,

y siendo talesque
[d, dJ ]s = 0 .

Recordemos que esta estructura bi-diferencial es equivalente a la estructura bi-diferencial
cl«asicadeFr¬olicher-Nijenhuis.

Asimismo, de la estructura de algebroide de Lie como de la deÞnici «on del «algebra A-
exterior, encontramosque la acci «on del diferencial dJ sobre funcionesen la base B y A-formas
diferencialeses:

dJ f = J ! df , " f # C" (B ) ,

dJ " = J ! d" + d (J ! " ) , " # ! ¥(B ) ,

dJ (df ) = d (J ! df ) , " f # C" (B ) .

Usando la construcci «on de Dimakis y M ¬ullerÐHoissen encontramos un conjunto de canti-
dades conservadas, construidas a partir de una funci «on distinta de cero, #(0) # C" (B ), que
satisface ddJ #(0) = dJ d#(0) = 0, por medio de una sucesi «on de funciones#(m ) que satisfacen
lasiguienteecuaci «on descendente

d#(m + 1) = dJ #(m ) .

Si la variedad compleja (B , J ) est«a dotada de una estructura simpl«ectica $ que satisface
la condici «on $(J (·), ·) = $(·, J (·)), entonces, esto implica que en general las funciones #(m )
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y con unaaplicaci «on ancla ! = J .
Entonces, sobre TB existen dos estructuras de algebroides de Lie, cada una dotada de un

operador A-exterior: el operador exterior de DeRham (d) y el diferencial deÞnido por

dJ = [J ! , d]s,

satisfaciendo ambos
d2 = d2

J = 0,

y siendo talesque
[d, dJ ]s = 0 .

Recordemos que esta estructura bi-diferencial es equivalente a la estructura bi-diferencial
cl«asicadeFr¬olicher-Nijenhuis.

Asimismo, de la estructura de algebroide de Lie como de la deÞnici «on del «algebra A-
exterior, encontramosque la acci «on del diferencial dJ sobre funcionesen la base B y A-formas
diferencialeses:

dJ f = J ! df , " f # C" (B ) ,

dJ " = J ! d" + d (J ! " ) , " # ! •(B ) ,

dJ (df ) = d (J ! df ) , " f # C" (B ) .

Usando la construcci «on de Dimakis y M ¬ullerÐHoissen encontramos un conjunto de canti-
dades conservadas, construidas a partir de una funci «on distinta de cero, #(0) # C" (B ), que
satisface ddJ #(0) = dJ d#(0) = 0, por medio de una sucesi «on de funciones#(m ) que satisfacen
lasiguienteecuaci «on descendente

d#(m +1) = dJ #(m ) .

Si la variedad compleja (B , J ) est«a dotada de una estructura simpl«ectica $ que satisface
la condici «on $(J (á), á) = $(á, J (á)), entonces, esto implica que en general las funciones #(m )

deÞnidaspor medio del bi-complejo (d, dJ ) estar«an en involuci «on. M«as a«un, como hemosvisto,
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En esta secci «on daremos cuatro ejemplos de algebroides de Lie, bialgebroides de Lie y de la
estructurabi-diferencial asociadasa «estos, mediante lacontracci «on con estructurasdeNijenhuis.
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Ej empl o 0.1.1. Comenzaremos estudiando el caso de un algebroide de Lie sobre una
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algebroidedeLiecomplejo. Recordemosadem«asqueel hecho deque laestructuracomplejasea
un tensor de Nijenhuisnosdice que esposibledeÞnir unanuevaestructurade algebroidede Lie
sobreTB , medianteel corchete

[X , Y ]J = [J X , Y ] + [X , J Y ] ! J [X , Y ] ,

y con unaaplicaci «on ancla ! = J .
Entonces, sobre TB existen dos estructuras de algebroides de Lie, cada una dotada de un

operador A-exterior: el operador exterior de DeRham (d) y el diferencial deÞnido por

dJ = [J ! , d]s,

satisfaciendo ambos
d2 = d2

J = 0,

y siendo talesque
[d, dJ ]s = 0 .

Recordemos que esta estructura bi-diferencial es equivalente a la estructura bi-diferencial
cl«asicadeFr¬olicher-Nijenhuis.

Asimismo, de la estructura de algebroide de Lie como de la deÞnici «on del «algebra A-
exterior, encontramosque la acci «on del diferencial dJ sobre funcionesen la base B y A-formas
diferencialeses:

dJ f = J ! df , " f # C" (B ) ,

dJ " = J ! d" + d (J ! " ) , " # ! ¥(B ) ,

dJ (df ) = d (J ! df ) , " f # C" (B ) .

Usando la construcci «on de Dimakis y M ¬ullerÐHoissen encontramos un conjunto de canti-
dades conservadas, construidas a partir de una funci «on distinta de cero, #(0) # C" (B ), que
satisface ddJ #(0) = dJ d#(0) = 0, por medio de una sucesi «on de funciones#(m ) que satisfacen
lasiguienteecuaci «on descendente

d#(m +1) = dJ #(m ) .

Si la variedad compleja (B , J ) est«a dotada de una estructura simpl«ectica $ que satisface
la condici «on $(J (á), á) = $(á, J (á)), entonces, esto implica que en general las funciones #(m )
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dades conservadas, construidas a partir de una funci «on distinta de cero, #(0) # C" (B ), que
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0.1 C«alculo bi-diferencial y algebroides de Lie.

En esta secci «on daremos cuatro ejemplos de algebroides de Lie, bialgebroides de Lie y de la
estructurabi-diferencial asociadasa «estos, mediante lacontracci «on con estructurasdeNijenhuis.
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Ej empl o 0.1.1. Comenzaremos estudiando el caso de un algebroide de Lie sobre una
variedad dotadadeunaestructuracompleja (B , J ).

Como hemosvisto la estructuracomplejaJ sobre la variedad B esel ejemplo b«asico de un
algebroidedeLiecomplejo. Recordemosadem«asqueel hecho deque laestructuracomplejasea
un tensor de Nijenhuisnosdice que esposibledeÞnir unanuevaestructurade algebroidede Lie
sobreTB , medianteel corchete

[X , Y ]J = [J X , Y ] + [X , J Y ] ! J [X , Y ] ,

y con unaaplicaci «on ancla ρ = J .
Entonces, sobre TB existen dos estructuras de algebroides de Lie, cada una dotada de un

operador A-exterior: el operador exterior de DeRham (d) y el diferencial deÞnido por

dJ = [J ! , d]s,

satisfaciendo ambos
d2 = d2

J = 0,

y siendo talesque
[d, dJ ]s = 0 .

Recordemos que esta estructura bi-diferencial es equivalente a la estructura bi-diferencial
cl«asicadeFr¬olicher-Nijenhuis.

Asimismo, de la estructura de algebroide de Lie como de la deÞnici «on del «algebra A-
exterior, encontramosque la acci «on del diferencial dJ sobre funcionesen la base B y A-formas
diferencialeses:

dJ f = J ! df , " f # C" (B ) ,

dJ α = J ! dα + d(J ! α) , α # Ω¥(B ) ,

dJ (df ) = d (J ! df ) , " f # C" (B ) .

Usando la construcci «on de Dimakis y M ¬ullerÐHoissen encontramos un conjunto de canti-
dades conservadas, construidas a partir de una funci «on distinta de cero, χ(0) # C" (B ), que
satisface ddJ χ(0) = dJ dχ(0) = 0, por medio de una sucesi «on de funcionesχ(m ) que satisfacen
lasiguienteecuaci «on descendente

dχ(m + 1) = dJ χ(m ) .

Si la variedad compleja (B , J ) est«a dotada de una estructura simpl«ectica ω que satisface
la condici «on ω(J (á), á) = ω(á, J (á)), entonces, esto implica que en general las funciones χ(m )

deÞnidaspor medio del bi-complejo (d, dJ ) estar«an en involuci «on. M«as a«un, como hemosvisto,
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Adem«as observaremos c«omo se pueden usar estas estructuras en el estudio de las cantidades
conservadasasociadasa las teor«õas topol «ogicasy sistemas completamente integrablesasociados
a «estasen el sentido deDimakisy M ¬ullerÐHoissen [?], (ver cap«õtulo ??).

Ej empl o 0.1.1. Comenzaremos estudiando el caso de un algebroide de Lie sobre una
variedad dotadadeunaestructuracompleja (B , J ).

Como hemosvisto la estructuracomplejaJ sobre la variedad B esel ejemplo b«asico de un
algebroidedeLiecomplejo. Recordemosadem«asqueel hecho deque laestructuracomplejasea
un tensor de Nijenhuisnosdice que esposibledeÞnir unanuevaestructurade algebroidede Lie
sobreTB , medianteel corchete

[X , Y ]J = [J X , Y ] + [X , J Y ] ! J [X , Y ] ,

y con unaaplicaci «on ancla ! = J .
Entonces, sobre TB existen dos estructuras de algebroides de Lie, cada una dotada de un

operador A-exterior: el operador exterior de DeRham (d) y el diferencial deÞnido por

dJ = [J ! , d]s,

satisfaciendo ambos
d2 = d2

J = 0,

y siendo talesque
[d, dJ ]s = 0 .

Recordemos que esta estructura bi-diferencial es equivalente a la estructura bi-diferencial
cl«asicadeFr¬olicher-Nijenhuis.

Asimismo, de la estructura de algebroide de Lie como de la deÞnici «on del «algebra A-
exterior, encontramosque la acci «on del diferencial dJ sobre funcionesen la base B y A-formas
diferencialeses:

dJ f = J ! df , " f # C" (B ) ,

dJ " = J ! d" + d (J ! " ) , " # ! •(B ) ,

dJ (df ) = d (J ! df ) , " f # C" (B ) .

Usando la construcci «on de Dimakis y M ¬ullerÐHoissen encontramos un conjunto de canti-
dades conservadas, construidas a partir de una funci «on distinta de cero, #(0) # C" (B ), que
satisface ddJ #(0) = dJ d#(0) = 0, por medio de una sucesi «on de funciones#(m ) que satisfacen
lasiguienteecuaci «on descendente

d#(m +1) = dJ #(m ) .

Si la variedad compleja (B , J ) est«a dotada de una estructura simpl«ectica $ que satisface
la condici «on $(J (á), á) = $(á, J (á)), entonces, esto implica que en general las funciones #(m )

deÞnidaspor medio del bi-complejo (d, dJ ) estar«an en involuci «on. M«as a«un, como hemosvisto,
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0.1 C«alculo bi-diferencial y algebroides de Lie.

En esta secci «on daremos cuatro ejemplos de algebroides de Lie, bialgebroides de Lie y de la
estructurabi-diferencial asociadasa «estos, mediante lacontracci «on con estructurasdeNijenhuis.
Adem«as observaremos c«omo se pueden usar estas estructuras en el estudio de las cantidades
conservadasasociadasa las teor«õas topol «ogicasy sistemas completamente integrablesasociados
a «estasen el sentido deDimakisy M ¬ullerÐHoissen [?], (ver cap«õtulo ??).

Ej empl o 0.1.1. Comenzaremos estudiando el caso de un algebroide de Lie sobre una
variedad dotadadeunaestructuracompleja (B , J ).

Como hemosvisto la estructuracomplejaJ sobre la variedad B esel ejemplo b«asico de un
algebroidedeLiecomplejo. Recordemosadem«asqueel hecho deque laestructuracomplejasea
un tensor de Nijenhuisnosdice que esposibledeÞnir unanuevaestructurade algebroidede Lie
sobreTB , medianteel corchete

[X , Y ]J = [J X , Y ] + [X , J Y ] ! J [X , Y ] ,

y con unaaplicaci «on ancla ! = J .
Entonces, sobre TB existen dos estructuras de algebroides de Lie, cada una dotada de un

operador A-exterior: el operador exterior de DeRham (d) y el diferencial deÞnido por

dJ = [J ! , d]s,

satisfaciendo ambos
d2 = d2

J = 0,

y siendo talesque
[d, dJ ]s = 0 .

Recordemos que esta estructura bi-diferencial es equivalente a la estructura bi-diferencial
cl«asicadeFr¬olicher-Nijenhuis.

Asimismo, de la estructura de algebroide de Lie como de la deÞnici «on del «algebra A-
exterior, encontramosque la acci «on del diferencial dJ sobre funcionesen la base B y A-formas
diferencialeses:

dJ f = J ! df , " f # C" (B ) ,

dJ " = J ! d" + d (J ! " ) , " # ! ¥(B ) ,

dJ (df ) = d (J ! df ) , " f # C" (B ) .

Usando la construcci «on de Dimakis y M ¬ullerÐHoissen encontramos un conjunto de canti-
dades conservadas, construidas a partir de una funci «on distinta de cero, #(0) # C" (B ), que
satisface ddJ #(0) = dJ d#(0) = 0, por medio de una sucesi «on de funciones#(m ) que satisfacen
lasiguienteecuaci «on descendente

d#(m +1) = dJ #(m ) .

Si la variedad compleja (B , J ) est«a dotada de una estructura simpl«ectica $ que satisface
la condici «on $(J (á), á) = $(á, J (á)), entonces, esto implica que en general las funciones #(m )

deÞnidaspor medio del bi-complejo (d, dJ ) estar«an en involuci «on. M«as a«un, como hemosvisto,
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0.1 C«alculo bi-diferencial y algebroides de Lie.

En esta sección daremos cuatro ejemplos de algebroides de Lie, bialgebroides de Lie y de la

estructura bi-diferencial asociadas a éstos, mediante la contracción con estructuras de Nijenhuis.

Además observaremos cómo se pueden usar estas estructuras en el estudio de las cantidades

conservadas asociadas a las teorı́as topológicas y sistemas completamente integrables asociados

a éstas en el sentido de Dimakis y Müller–Hoissen [?], (ver capı́tulo ??).

Ej empl o 0.1.1. Comenzaremos estudiando el caso de un algebroide de Lie sobre una

variedad dotada de una estructura compleja (B , J ).
Como hemos visto la estructura compleja J sobre la variedad B es el ejemplo básico de un

algebroide de Lie complejo. Recordemos además que el hecho de que la estructura compleja sea

un tensor de Nijenhuis nos dice que es posible definir una nueva estructura de algebroide de Lie

sobre TB , mediante el corchete

[X , Y ]J = [J X , Y ] + [X , J Y ] ! J [X , Y ] ,

y con una aplicación ancla ! = J .
Entonces, sobre TB existen dos estructuras de algebroides de Lie, cada una dotada de un

operador A -exterior: el operador exterior de De Rham (d) y el diferencial definido por

dJ = [J ∗, d]s,

satisfaciendo ambos

d2 = d2
J = 0,

y siendo tales que

[d, dJ ]s = 0 .

Recordemos que esta estructura bi-diferencial es equivalente a la estructura bi-diferencial

clásica de Frölicher-Nijenhuis.

Asimismo, de la estructura de algebroide de Lie como de la definición del álgebra A -
exterior, encontramos que la acción del diferencial dJ sobre funciones en la base B y A -formas
diferenciales es:

dJ f = J ∗df , " f # C∞(B ) ,

dJ " = J ∗d" + d(J ∗" ) , " # ! ¥(B ) ,

dJ (df ) = d (J ∗df ) , " f # C∞(B ) .

Usando la construcción de Dimakis y Müller–Hoissen encontramos un conjunto de canti-

dades conservadas, construidas a partir de una función distinta de cero, #(0) # C∞(B ), que
satisface ddJ #(0) = dJ d#(0) = 0, por medio de una sucesión de funciones #(m ) que satisfacen

la siguiente ecuación descendente

d#(m + 1) = dJ #(m ) .

Si la variedad compleja (B , J ) está dotada de una estructura simpléctica $ que satisface

la condición $(J (á), á) = $(á, J (á)), entonces, esto implica que en general las funciones #(m )

definidas por medio del bi-complejo (d, dJ ) estarán en involución. Más aún, como hemos visto,
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0.1 C«alculo bi-diferencial y algebroides de Lie.

En esta secci «on daremos cuatro ejemplos de algebroides de Lie, bialgebroides de Lie y de la
estructurabi-diferencial asociadasa «estos, mediante lacontracci «on con estructurasdeNijenhuis.
Adem«as observaremos c«omo se pueden usar estas estructuras en el estudio de las cantidades
conservadasasociadasa las teor«õas topol «ogicasy sistemas completamente integrablesasociados
a «estasen el sentido deDimakisy M ¬ullerÐHoissen [?], (ver cap«õtulo ??).

Ej empl o 0.1.1. Comenzaremos estudiando el caso de un algebroide de Lie sobre una
variedad dotadadeunaestructuracompleja (B , J ).

Como hemosvisto la estructuracomplejaJ sobre la variedad B esel ejemplo b«asico de un
algebroidedeLiecomplejo. Recordemosadem«asqueel hecho deque laestructuracomplejasea
un tensor de Nijenhuisnosdice que esposibledeÞnir unanuevaestructurade algebroidede Lie
sobreTB , medianteel corchete

[X , Y ]J = [J X , Y ] + [X , J Y ] ! J [X , Y ] ,

y con unaaplicaci «on ancla ! = J .
Entonces, sobre TB existen dos estructuras de algebroides de Lie, cada una dotada de un

operador A-exterior: el operador exterior de DeRham (d) y el diferencial deÞnido por

dJ = [J ! , d]s,

satisfaciendo ambos
d2 = d2

J = 0,

y siendo talesque
[d, dJ ]s = 0 .

Recordemos que esta estructura bi-diferencial es equivalente a la estructura bi-diferencial
cl«asicadeFr¬olicher-Nijenhuis.

Asimismo, de la estructura de algebroide de Lie como de la deÞnici «on del «algebra A-
exterior, encontramosque la acci «on del diferencial dJ sobre funcionesen la base B y A-formas
diferencialeses:

dJ f = J ! df , " f # C" (B ) ,

dJ " = J ! d" + d (J ! " ) , " # ! ¥(B ) ,

dJ (df ) = d (J ! df ) , " f # C" (B ) .

Usando la construcci «on de Dimakis y M ¬ullerÐHoissen encontramos un conjunto de canti-
dades conservadas, construidas a partir de una funci «on distinta de cero, #(0) # C" (B ), que
satisface ddJ #(0) = dJ d#(0) = 0, por medio de una sucesi «on de funciones#(m ) que satisfacen
lasiguienteecuaci «on descendente

d#(m + 1) = dJ #(m ) .

Si la variedad compleja (B , J ) est«a dotada de una estructura simpl«ectica $ que satisface
la condici «on $(J (á), á) = $(á, J (á)), entonces, esto implica que en general las funciones #(m )

deÞnidaspor medio del bi-complejo (d, dJ ) estar«an en involuci «on. M«as a«un, como hemosvisto,

If 
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0.1 C«alculo bi-diferencial y algebroides de Lie.

En esta secci «on daremos cuatro ejemplos de algebroides de Lie, bialgebroides de Lie y de la
estructurabi-diferencial asociadasa «estos, mediante lacontracci «on con estructurasdeNijenhuis.
Adem«as observaremos c«omo se pueden usar estas estructuras en el estudio de las cantidades
conservadasasociadasa las teor«õas topol «ogicasy sistemas completamente integrablesasociados
a «estasen el sentido deDimakisy M ¬ullerÐHoissen [?], (ver cap«õtulo ??).

Ej empl o 0.1.1. Comenzaremos estudiando el caso de un algebroide de Lie sobre una
variedad dotadadeunaestructuracompleja (B , J ).

Como hemosvisto la estructuracomplejaJ sobre la variedad B esel ejemplo b«asico de un
algebroidedeLiecomplejo. Recordemosadem«asqueel hecho deque laestructuracomplejasea
un tensor de Nijenhuisnosdice que esposibledeÞnir unanuevaestructurade algebroidede Lie
sobreTB , medianteel corchete

[X , Y ]J = [J X , Y ] + [X , J Y ] ! J [X , Y ] ,

y con unaaplicaci «on ancla ! = J .
Entonces, sobre TB existen dos estructuras de algebroides de Lie, cada una dotada de un

operador A-exterior: el operador exterior de DeRham (d) y el diferencial deÞnido por

dJ = [J ∗, d]s,

satisfaciendo ambos
d2 = d2

J = 0,

y siendo talesque
[d, dJ ]s = 0 .

Recordemos que esta estructura bi-diferencial es equivalente a la estructura bi-diferencial
cl«asicadeFr¬olicher-Nijenhuis.

Asimismo, de la estructura de algebroide de Lie como de la deÞnici «on del «algebra A-
exterior, encontramosque la acci «on del diferencial dJ sobre funcionesen la base B y A-formas
diferencialeses:

dJ f = J ∗df , " f # C∞(B ) ,

dJ " = J ∗d" + d(J ∗" ) , " # ! ¥(B ) ,

dJ (df ) = d (J ∗df ) , " f # C∞(B ) .

Usando la construcci «on de Dimakis y M ¬ullerÐHoissen encontramos un conjunto de canti-
dades conservadas, construidas a partir de una funci «on distinta de cero, #(0) # C∞(B ), que
satisface ddJ #(0) = dJ d#(0) = 0, por medio de una sucesi «on de funciones#(m ) que satisfacen
lasiguienteecuaci «on descendente

d#(m + 1) = dJ #(m ) .

Si la variedad compleja (B , J ) est«a dotada de una estructura simpl«ectica $ que satisface
la condici «on $(J (á), á) = $(á, J (á)), entonces, esto implica que en general las funciones #(m )

deÞnidaspor medio del bi-complejo (d, dJ ) estar«an en involuci «on. M«as a«un, como hemosvisto,

is endowed with a KŠhler-symplectic 
structure
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0.1 C«alculo bi-diferencial y algebroides de Lie.

En esta secci «on daremos cuatro ejemplos de algebroides de Lie, bialgebroides de Lie y de la
estructurabi-diferencial asociadasa «estos, mediante lacontracci «on con estructurasdeNijenhuis.
Adem«as observaremos c«omo se pueden usar estas estructuras en el estudio de las cantidades
conservadasasociadasa las teor«õas topol «ogicasy sistemas completamente integrablesasociados
a «estasen el sentido deDimakisy M ¬ullerÐHoissen [?], (ver cap«õtulo ??).

Ejemplo 0.1.1. Comenzaremos estudiando el caso de un algebroide de Lie sobre una
variedad dotadadeunaestructuracompleja (B, J).

Como hemosvisto la estructuracomplejaJ sobre la variedad B esel ejemplo b«asico de un
algebroidedeLiecomplejo. Recordemosadem«asqueel hecho deque laestructuracomplejasea
un tensor de Nijenhuisnosdice que esposibledeÞnir unanuevaestructurade algebroidede Lie
sobreTB, medianteel corchete

[X, Y ]J = [JX, Y ] + [X, JY ] ! J [X, Y ] ,

y con unaaplicaci «on ancla ! = J .
Entonces, sobre TB existen dos estructuras de algebroides de Lie, cada una dotada de un

operador A-exterior: el operador exterior de DeRham (d) y el diferencial deÞnido por

dJ = [J ! , d]s ,

satisfaciendo ambos
d2 = d2

J = 0 ,

y siendo talesque
[d, dJ ]s = 0 .

Recordemos que esta estructura bi-diferencial es equivalente a la estructura bi-diferencial
cl«asicadeFr¬olicher-Nijenhuis.

Asimismo, de la estructura de algebroide de Lie como de la deÞnici «on del «algebra A-
exterior, encontramosque la acci «on del diferencial dJ sobre funcionesen la baseB y A-formas
diferencialeses:

dJ f = J ! df , " f # C" (B) ,

dJ " = J ! d" + d (J ! " ) , " # ! ¥(B) ,

dJ (df ) = d (J ! df ) , " f # C" (B) .

Usando la construcci «on de Dimakis y M ¬ullerÐHoissen encontramos un conjunto de canti-
dades conservadas, construidas a partir de una funci «on distinta de cero, #(0) # C" (B), que
satisface ddJ #(0) = dJ d#(0) = 0, por medio de una sucesi «on de funciones#(m ) que satisfacen
lasiguienteecuaci «on descendente

d#(m + 1) = dJ #(m ) .

Si la variedad compleja (B, J) est«a dotada de una estructura simpl«ectica $ que satisface
la condici «on $(J(á), á) = $(á, J(á)), entonces, esto implica que en general las funciones #(m )

deÞnidaspor medio del bi-complejo (d, dJ ) estar«an en involuci «on. M«as a«un, como hemosvisto,
then the functions 
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0.1 C«alculo bi-diferencial y algebroides de Lie.

En esta secci «on daremos cuatro ejemplos de algebroides de Lie, bialgebroides de Lie y de la
estructurabi-diferencial asociadasa «estos, mediante lacontracci «on con estructurasdeNijenhuis.
Adem«as observaremos c«omo se pueden usar estas estructuras en el estudio de las cantidades
conservadasasociadasa las teor«õas topol «ogicasy sistemas completamente integrablesasociados
a «estasen el sentido deDimakisy M ¬ullerÐHoissen [?], (ver cap«õtulo ??).

Ej empl o 0.1.1. Comenzaremos estudiando el caso de un algebroide de Lie sobre una
variedad dotadadeunaestructuracompleja (B , J ).

Como hemosvisto la estructuracomplejaJ sobre la variedad B esel ejemplo b«asico de un
algebroidedeLiecomplejo. Recordemosadem«asqueel hecho deque laestructuracomplejasea
un tensor de Nijenhuisnosdice que esposibledeÞnir unanuevaestructurade algebroidede Lie
sobreTB , medianteel corchete

[X , Y ]J = [J X , Y ] + [X , J Y ] ! J [X , Y ] ,

y con unaaplicaci «on ancla ρ = J .
Entonces, sobre TB existen dos estructuras de algebroides de Lie, cada una dotada de un

operador A-exterior: el operador exterior de DeRham (d) y el diferencial deÞnido por

dJ = [J ! , d]s,

satisfaciendo ambos
d2 = d2

J = 0,

y siendo talesque
[d, dJ ]s = 0 .

Recordemos que esta estructura bi-diferencial es equivalente a la estructura bi-diferencial
cl«asicadeFr¬olicher-Nijenhuis.

Asimismo, de la estructura de algebroide de Lie como de la deÞnici «on del «algebra A-
exterior, encontramosque la acci «on del diferencial dJ sobre funcionesen la base B y A-formas
diferencialeses:

dJ f = J ! df , " f # C" (B ) ,

dJα = J ! dα + d(J ! α) , α # ! •(B ) ,

dJ (df ) = d (J ! df ) , " f # C" (B ) .

Usando la construcci «on de Dimakis y M ¬ullerÐHoissen encontramos un conjunto de canti-
dades conservadas, construidas a partir de una funci «on distinta de cero, χ(0) # C" (B ), que
satisface ddJχ(0) = dJdχ(0) = 0, por medio de una sucesi «on de funcionesχ(m) que satisfacen
lasiguienteecuaci «on descendente

dχ(m+ 1) = dJχ(m) .

Si la variedad compleja (B , J ) est«a dotada de una estructura simpl«ectica ω que satisface
la condici «on ω(J (á), á) = ω(á, J (á)), entonces, esto implica que en general las funciones χ(m)

deÞnidaspor medio del bi-complejo (d, dJ ) estar«an en involuci «on. M«as a«un, como hemosvisto,
are in involution. 



        If the base manifold is endowed with a KŠhler structure, 
then, the involution condition is lost, and there fore the 
set of conserved currents is lost, and the completely integrable 
system.

So the search of a completely integrable system associated 
to a topological sigma model looks like close.



     But, if we consider the hierarchy of the Nijenhuis tensor (a.k.a 
Recursion operators), it is easy to show that there exists an 
alternative sequence of conservation laws        and functions  
which are in involution with  respect to the Poisson structure, and 
satisÞes:
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In this way we obtain sequences of d! closed forms
!

j (k ) " ! (
"

T ! M )
#"

k= 1 ,
!

÷j (k ) " ! (
"

T ! M )
#"

k= 1 , sat isfying

(2.5) j (k+ 1) = dχ(k+ 1) = dN χ(k ) , ÷j (k+ 1) = dN χ(k+ 1) = dN 2 χ(k ) ,

Þnally

dχ(k+ 2) = dN 2 χ(k ) .

From the above construct ion it is st raight forward that , for k # 0,

P(dχ(m ) , dχ(n ) ) = P(dχ(n + 2k) , dχ(n ) )

= P(dN 2 χ(n + 2k# 2) , dχ(n ) )

= P(dχ(n + 2k# 2) , dN 2 χ(n ) )

= P(dχ(n + 2k# 2) , dχ(n + 2) )
...

= P(dN 2 χ(n + 2k# 2k) , dχ(n + 2(k# 1)) )

= P(dχ(n + 2k# 2k) , dN 2 χ(n + 2(k# 1)) )

= P(dχ(n + 2k# 2k) , dχ(n + 2(k# 1)+ 2) )

= P(dχ(n ) , χ(m ) )

In view of the skew symmetry of P,

P(dχ(m ) , dχ(n ) ) = 0.

!

So even in the case it is sat isÞed the condit ion

ω(N X , Y) = ! ω(X , N Y) ,

one can generate a sequence of conserved currents in involut ion. The relat ion which
is playing a principal röole in this construct ion is

ω(N 2(X ), Y ) = ω(X , N 2(Y )) ,

so it is st raight forward to not ice that there is a bi-Hamiltonian structure associated
to this construct ion, related to the hierarchy of symplect ic forms, deÞned above, in
part icular with the element k = 2

ω2(X , Y) = ω0(X , N 2(Y )) .

Moreover not ice that we build the new sequence of conserved currents, on the
bi-di" erent ial (! (

" ¥ T ! M ), d, dN 2 ), using the original sequence generated by χ(0)

on (! (
" ¥ T ! M ), d, dN ), it is worth to not ice that , this new sequence it is not in a

direct relat ion with the original one because of the K¬aler-like relat ion between N
and ω.

Thinking in termsof theLiealgebroid st ructuresweobtain a second contract ion
of the original st ructure on TM , not ice that N 2 is again a Nijenhuis tensor, that
why d2

N 2 = 0, so there is a third Lie algebroid st ructure on TM . There is not any
reason to stop the number of contract ion in k = 2, so one can think in a hierarchy
of contracted Lie algebroids with the same characterist ics of the hierarchies of N .
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In this way we obtain sequences of d! closed forms
!

j (k ) " ! (
"

T ! M )
#"

k= 1 ,
!

÷j (k ) " ! (
"

T ! M )
#"

k= 1 , sat isfying

(2.5) j (k+ 1) = d! (k+ 1) = dN ! (k) , ÷j (k+ 1) = dN ! (k+ 1) = dN 2 ! (k ) ,

Þnally

d! (k+ 2) = dN 2 ! (k ) .

From the above construct ion it is st raight forward that , for k # 0,

P(d! (m ) , d! (n ) ) = P(d! (n + 2k) , d! (n ) )

= P(dN 2 ! (n + 2k# 2) , d! (n ) )

= P(d! (n + 2k# 2) , dN 2 ! (n ) )

= P(d! (n + 2k# 2) , d! (n + 2) )
...

= P(dN 2 ! (n + 2k# 2k) , d! (n + 2(k# 1)) )
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!

So even in the case it is sat isÞed the condit ion

" (N X , Y) = ! " (X , N Y) ,

one can generate a sequence of conserved currents in involut ion. The relat ion which
is playing a principal röole in this construct ion is

" (N 2(X ), Y ) = " (X , N 2(Y )) ,

so it is st raight forward to not ice that there is a bi-Hamiltonian structure associated
to this construct ion, related to the hierarchy of symplect ic forms, deÞned above, in
part icular with the element k = 2

" 2(X , Y) = " 0(X , N 2(Y )) .

Moreover not ice that we build the new sequence of conserved currents, on the
bi-di" erent ial (! (

" • T ! M ), d, dN 2 ), using the original sequence generated by ! (0)

on (! (
" • T ! M ), d, dN ), it is worth to not ice that , this new sequence it is not in a

direct relat ion with the original one because of the K¬aler-like relat ion between N
and " .

Thinking in termsof theLiealgebroid st ructuresweobtain a second contract ion
of the original st ructure on TM , not ice that N 2 is again a Nijenhuis tensor, that
why d2

N 2 = 0, so there is a third Lie algebroid st ructure on TM . There is not any
reason to stop the number of contract ion in k = 2, so one can think in a hierarchy
of contracted Lie algebroids with the same characterist ics of the hierarchies of N .
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In this way we obtain sequences of d! closed forms
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In this way we obtain sequences of d! closed forms
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j (k ) " ! (
"

T ! M )
#"
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Þnally
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!

So even in the case it is sat isÞed the condit ion

ω(N X , Y) = ! ω(X , N Y) ,

one can generate a sequence of conserved currents in involut ion. The relat ion which
is playing a principal röole in this construct ion is

ω(N 2(X ), Y ) = ω(X , N 2(Y )) ,

so it is st raight forward to not ice that there is a bi-Hamiltonian structure associated
to this construct ion, related to the hierarchy of symplect ic forms, deÞned above, in
part icular with the element k = 2

ω2(X , Y) = ω0(X , N 2(Y )) .

Moreover not ice that we build the new sequence of conserved currents, on the
bi-di" erent ial (! (

" ¥ T ! M ), d, dN 2 ), using the original sequence generated by χ(0)

on (! (
" ¥ T ! M ), d, dN ), it is worth to not ice that , this new sequence it is not in a

direct relat ion with the original one because of the K¬aler-like relat ion between N
and ω.

Thinking in termsof theLiealgebroid st ructuresweobtain a second contract ion
of the original st ructure on TM , not ice that N 2 is again a Nijenhuis tensor, that
why d2

N 2 = 0, so there is a third Lie algebroid st ructure on TM . There is not any
reason to stop the number of contract ion in k = 2, so one can think in a hierarchy
of contracted Lie algebroids with the same characterist ics of the hierarchies of N .
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From the above construct ion it is st raight forward that , for k # 0,
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!
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Moreover not ice that we build the new sequence of conserved currents, on the
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" ¥ T ! M ), d, dN 2 ), using the original sequence generated by ! (0)

on (! (
" ¥ T ! M ), d, dN ), it is worth to not ice that , this new sequence it is not in a

direct relat ion with the original one because of the K¬aler-like relat ion between N
and " .

Thinking in termsof theLiealgebroid st ructuresweobtain a second contract ion
of the original st ructure on TM , not ice that N 2 is again a Nijenhuis tensor, that
why d2

N 2 = 0, so there is a third Lie algebroid st ructure on TM . There is not any
reason to stop the number of contract ion in k = 2, so one can think in a hierarchy
of contracted Lie algebroids with the same characterist ics of the hierarchies of N .
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1. I nt roduct ion

A triple structure on a manifold M is given by three tensor Þelds of type (1,1),
F , P and J sat isfying the relat ions:

i ) F 2 = ! 1I , P2 = ! 2I , J 2 = ! 3I , where ! 1, ! 2, ! 3 ! { " 1, + 1} and I stands
for the ident ity map, i.e., each one of them is an almost product or almost
complex structure.

i i ) P # F ± F # P = 0, i.e., they commute or ant i-commute.
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i i i ) J = P ! F .

These relat ions allow us to deÞne four types of t riple st ructures on a
manifold, which provide four di! erent geometries:

1. Almost biparacomplex structure: F 2 = I , P2 = I , P ! F + F ! P = 0.

2. Almost hyperproduct structure: F 2 = I , P2 = I , P ! F " F ! P = 0.

3. Almost bicomplex structure: F 2 = " I , P2 = " I , P ! F " F ! P = 0.

4. Almost hypercomplex structure: F 2 = " I , P2 = " I , P ! F + F ! P = 0.

One can expect to deÞne four other t riple st ructures:

5. F 2 = I , P2 = " I , P ! F + F ! P = 0; in this case, J 2 = I .

6. F 2 = I , P2 = " I , P ! F " F ! P = 0; in this case, J 2 = " I .

7. F 2 = " I , P2 = I , P ! F + F ! P = 0; in this case, J 2 = I .

8. F 2 = " I , P2 = I , P ! F " F ! P = 0; in this case, J 2 = " I ,

but onecan prove that thecondit ions 1, 5 and 7, and 3, 6 and 8 deÞnethesame
triple st ructures. Our main aim is to compare the four geometries deÞned by
the four previous triple st ructures, which have similar algebraic deÞnit ions.

Three of these triple st ructures have been studied in other works. For
example, D. V. Alekseevsky and S. Marchiafava study almost hypercomplex
and almost quaternionic st ructures in [1]. V. Crucenanu int roduces the almost
hyperproduct st ructures on a manifold in [3]. In this paper, he also studies
metrics and connect ions at tached to these structures. Almost biparacomplex
structures have been deeply studied in [9]. Examples of almost biparacomplex
structures on manifolds and adapted metrics can be found in [8]. Recent ly,
in [4], the authors of the present work have established links among these
structures, bi-Lagrangian manifolds and symplect ic ones.

We will dedicate the next sect ions to show the principal objects at tached
to every type of t riple st ructure. We focus our at tent ion on the G-structure
deÞned by the triple st ructure and the existence of functorial connect ions
associated to them. The work [6] is a survey about this topic. At the end of
every sect ion we show several examples of the triple st ructures studied.

Let (F, P, J ) be a triple st ructure. We say that (F, P, J ) is integrable if
the Nijenhuis tensor of the three tensor Þelds vanishes, NF = NP = NJ = 0.

N ot at ion. If H 2 = I , we denote by T+
H (M ) and T!

H (M ) the dist ribut ions
on M deÞned by the eigenvectors of Hp on Tp(M ) for every p # M , by H +

and H ! the project ions over these dist ribut ions. Also we denote by Tor" and
R" the torsion and the curvature tensors of the connect ion $ , by F (M ) the
principal bundle of linear frames. DeÞnit ions and basic results on functorial
connect ions can be found in [6].
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Let (F, P, J ) be a triple st ructure. We say that (F, P, J ) is integrable if
the Nijenhuis tensor of the three tensor Þelds vanishes, NF = NP = NJ = 0.

N ot at ion. If H 2 = I , we denote by T+
H (M ) and T!

H (M ) the dist ribut ions
on M deÞned by the eigenvectors of Hp on Tp(M ) for every p # M , by H +

and H ! the project ions over these dist ribut ions. Also we denote by Tor" and
R" the torsion and the curvature tensors of the connect ion $ , by F (M ) the
principal bundle of linear frames. DeÞnit ions and basic results on functorial
connect ions can be found in [6].
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i i i ) J = P ◦ F .

These relat ions allow us to deÞne four types of t riple st ructures on a
manifold, which provide four di! erent geometries:

1. Almost biparacomplex structure: F 2 = I , P2 = I , P ◦ F + F ◦ P = 0.

2. Almost hyperproduct structure: F 2 = I , P2 = I , P ◦ F − F ◦ P = 0.

3. Almost bicomplex structure: F 2 = −I , P2 = −I , P ◦ F − F ◦ P = 0.

4. Almost hypercomplex structure: F 2 = −I , P2 = −I , P ◦F + F ◦P = 0.

One can expect to deÞne four other t riple st ructures:

5. F 2 = I , P2 = −I , P ◦ F + F ◦ P = 0; in this case, J 2 = I .

6. F 2 = I , P2 = −I , P ◦ F − F ◦ P = 0; in this case, J 2 = −I .

7. F 2 = −I , P2 = I , P ◦ F + F ◦ P = 0; in this case, J 2 = I .

8. F 2 = −I , P2 = I , P ◦ F − F ◦ P = 0; in this case, J 2 = −I ,

but onecan prove that thecondit ions 1, 5 and 7, and 3, 6 and 8 deÞnethesame
triple st ructures. Our main aim is to compare the four geometries deÞned by
the four previous triple st ructures, which have similar algebraic deÞnit ions.

Three of these triple st ructures have been studied in other works. For
example, D. V. Alekseevsky and S. Marchiafava study almost hypercomplex
and almost quaternionic st ructures in [1]. V. Crucenanu int roduces the almost
hyperproduct st ructures on a manifold in [3]. In this paper, he also studies
metrics and connect ions at tached to these structures. Almost biparacomplex
structures have been deeply studied in [9]. Examples of almost biparacomplex
structures on manifolds and adapted metrics can be found in [8]. Recent ly,
in [4], the authors of the present work have established links among these
structures, bi-Lagrangian manifolds and symplect ic ones.

We will dedicate the next sect ions to show the principal objects at tached
to every type of t riple st ructure. We focus our at tent ion on the G-structure
deÞned by the triple st ructure and the existence of functorial connect ions
associated to them. The work [6] is a survey about this topic. At the end of
every sect ion we show several examples of the triple st ructures studied.

Let (F, P, J ) be a triple st ructure. We say that (F, P, J ) is integrable if
the Nijenhuis tensor of the three tensor Þelds vanishes, NF = NP = NJ = 0.

N ot at ion. If H 2 = I , we denote by T+
H (M ) and T!

H (M ) the dist ribut ions
on M deÞned by the eigenvectors of Hp on Tp(M ) for every p ∈ M , by H +

and H ! the project ions over these dist ribut ions. Also we denote by Tor" and
R" the torsion and the curvature tensors of the connect ion ∇, by F (M ) the
principal bundle of linear frames. DeÞnit ions and basic results on functorial
connect ions can be found in [6].



Examples:

As Þrst example we have a hypercomplex structure

H Y PER-COM PLEX ST RU CT U RES A N D LI E A LGEBROI D S.

JAIME R. CAMACARO.

A bst ra ct . we remark some facts about the hyperÐcomplex and hyper-k¬aler manifolds
and its relat ion with Lie algebroids, and bi-di! erent ial calculi. We also call at tent ion on
the set of conservat ion laws obtained from this systems which can be associated to some
topological sigma models and integrable systems.

0.1. H yper -complex and hyper -K ¬ahler st ruct ures. Now lets recall the deÞnit ion of
the hyperÐcomplex structure and the hyper-K¬aler structure:

It is said that a real manifold B of even real dimension is endowed with an hyperÐ
complex structure if it carry three complex structures (I , J, K ), i.e. said three (1, 1)
tensor Þelds whit banishing Nijenhuis torsion, sat isfying:

I 2 = J 2 = K 2 = I JK = ! I

I J = K = ! J I , JK = I = ! K J, K I = J = ! I K .

D eÞnit ion 0.1. An hyperÐK¬ahler manifold is a real manifold B with real dimension 4n
(dimRB = 4n) endowed with an hyperÐcomplex structure (I , J, K ), a Riemann metric g
compatible with each of the three complex structures, and such taht each of the two forms:

! I (X , Y) " g(I X , Y), ! J (X , Y) " g(JX , Y),

! K (X , Y) " g(K X , Y),

are closed and nondegenerated. Such a Riemann metric is called an hyper-K¬aler metric,
and the corresponding two form ! I , ! J , ! K are called the corresponding hyperÐK¬aler
forms.

For both the hyperÐcomplex and the hyperÐK¬ahler structure we Þnd the following
interest ing alternat ive Lie algebroids and bidiferent ial st ructures associated:

Example 3. Let B be a real di! erent iable manifold endowed with three complex
structures (I , J, K ), such that they sat isÞes (0.1) and (0.2). As each complex structure is
integrable, then each one deÞne an alternat ive Lie algebroid structure on TB, with the
following brackets and anchor maps:

[X , Y]I = [I X , Y ] + [X , I Y] ! I [X , Y], " = I ,

[X , Y ]J = [JX , Y] + [X , JY] ! J [X , Y ], " = J,(0.1)

[X , Y]K = [K X , Y] + [X , K Y] ! K [X , Y ], " = K .
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Hyper-KŠhler (related with hyper-Poisson [Xu]):

HYPER-COMPLEX STRUCTURES AND LIE ALGEBROIDS.

JAIME R. CAMACARO.

A bst ra ct . we remark some facts about the hyper–complex and hyper-käler manifolds
and its relation with Lie algebroids, and bi-di! erential calculi. We also call attention on
the set of conservation laws obtained from this systems which can be associated to some
topological sigma models and integrable systems.

0.1. Hyper-complex and hyper-Kähler structures. Now lets recall the deÞnit ion of
the hyperÐcomplex structure and the hyper-K¬aler structure:

It is said that a real manifold B of even real dimension is endowed with an hyperÐ
complex structure if it carry three complex structures (I, J, K), i.e. said three (1, 1)
tensor Þelds whit banishing Nijenhuis torsion, sat isfying:

I2 = J2 = K2 = IJK = ! I

IJ = K = ! JI, JK = I = ! KJ, KI = J = ! IK .

Definition 0.1. An hyperÐK¬ahler manifold is a real manifold B with real dimension 4n
(dimRB = 4n) endowed with an hyperÐcomplex structure (I, J, K), a Riemann metric g
compatible with each of the three complex structures, and such taht each of the two forms:

! I (X, Y ) " g(IX, Y ), ! J (X, Y ) " g(JX, Y ),

! K (X, Y ) " g(KX, Y ),

are closed and nondegenerated. Such a Riemann metric is called an hyper-K¬aler metric,
and the corresponding two form ! I , ! J , ! K are called the corresponding hyperÐK¬aler
forms.

For both the hyperÐcomplex and the hyperÐK¬ahler structure we Þnd the following
interest ing alternat ive Lie algebroids and bidiferent ial st ructures associated:

Example 3. Let B be a real di! erent iable manifold endowed with three complex
structures (I, J, K), such that they sat isÞes (0.1) and (0.2). As each complex structure is
integrable, then each one deÞne an alternat ive Lie algebroid structure on TB, with the
following brackets and anchor maps:

[X, Y ]I = [IX, Y ] + [X, IY ] ! I[X, Y ], " = I,

[X, Y ]J = [JX, Y ] + [X, JY ] ! J [X, Y ], " = J,(0.1)

[X, Y ]K = [KX, Y ] + [X, KY ] ! K[X, Y ], " = K.
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Each complex structure deÞne a contracted Lie algebroid 
structure, given by:

H Y PER-COM PLEX ST RU CT U RES A N D LI E A LGEBROI D S.

JAIME R. CAMACARO.

A bst ra ct . we remark some facts about the hyperÐcomplex and hyper-k¬aler manifolds
and its relat ion with Lie algebroids, and bi-different ial calculi. We also call at tent ion on
the set of conservat ion laws obtained from this systems which can be associated to some
topological sigma models and integrable systems.

0.1. H yper -complex and hyper -K ¬ahler st ruct ures. Now lets recall the deÞnit ion of
the hyperÐcomplex structure and the hyper-K¬aler structure:

It is said that a real manifold B of even real dimension is endowed with an hyperÐ
complex structure if it carry three complex structures (I, J, K), i.e. said three (1, 1)
tensor Þelds whit banishing Nijenhuis torsion, sat isfying:

I2 = J2 = K2 = IJK = −I

IJ = K = −JI, JK = I = −KJ, KI = J = −IK .

D eÞnit ion 0.1. An hyperÐK¬ahler manifold is a real manifold B with real dimension 4n
(dimRB = 4n) endowed with an hyperÐcomplex structure (I, J, K), a Riemann metric g
compatible with each of the three complex structures, and such taht each of the two forms:

ωI (X, Y ) ≡ g(IX, Y ), ωJ (X, Y ) ≡ g(JX, Y ),

ωK (X, Y ) ≡ g(KX, Y ),

are closed and nondegenerated. Such a Riemann metric is called an hyper-K¬aler metric,
and the corresponding two form ωI , ωJ , ωK are called the corresponding hyperÐK¬aler
forms.

For both the hyperÐcomplex and the hyperÐK¬ahler structure we Þnd the following
interest ing alternat ive Lie algebroids and bidiferent ial st ructures associated:

Example 3. Let B be a real different iable manifold endowed with three complex
structures (I, J, K), such that they sat isÞes (0.1) and (0.2). As each complex structure is
integrable, then each one deÞne an alternat ive Lie algebroid structure on TB, with the
following brackets and anchor maps:

[X, Y ]I = [IX, Y ] + [X, IY ] − I[X, Y ], ρ = I,

[X, Y ]J = [JX, Y ] + [X, JY ] − J [X, Y ], ρ = J,(0.1)

[X, Y ]K = [KX, Y ] + [X, KY ] − K[X, Y ], ρ = K.
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Each one of the Lie algebroids have the following AÐexterior different ial operator:

dI = [I ! , d]s, dJ = [J ! , d]s, dK = [K ! , d]s .

sat isfying each operator the following propert ies

d2
l = 0, [d, dl ]s = 0,

for l = I, J, K. Moreover this operators sat isÞes

[dl , dm]s = d[l ,m]F -N ,

for l != m and l, m = I, J, K, where [·, ·]F -N denote the Fr¬olicherÐNijenhuis bracket (see
[20, 21, 22]).

As in thecase of thecomplex manifold, in this case we can build a bi-different ial calculi,
for each pair (d, dI ), (d, dJ ) and (d, dK ), and Þnd a set of conservat ion laws, deÞned start ing
from a funct ion (0-AÐform) ! (0)

l ,for l = I, J, K, such that

(0.2) ddl !
(0)
l = dld! (0)

l = 0.

sat isfying:

(0.3) d! (m+ 1)
l = dl !

(m)
l ,

with l = I, J, K.
As in the case of a complex manifold here we can introduce a symplect ic structure

" which sat isÞes " l (lX, Y ) = " l (X, lY ) for l = I, J, K, being in this sense a symplec-
t ic K¬ahler structure for each complex structure I, J, K, so the funct ions ! (0)

l will be in
involut ion with respect to each symplect ic structure " l .
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Each one of the Lie algebroids have the following AÐexterior di! erent ial operator:

dI = [I ∗, d]s, dJ = [J ∗, d]s, dK = [K ∗, d]s .

sat isfying each operator the following propert ies

d2
l = 0, [d, dl ]s = 0,

for l = I , J, K . Moreover this operators sat isÞes

[dl , dm]s = d[l ,m]F -N ,

for l != m and l, m = I , J, K , where [á, á]F -N denote the Fr¬olicherÐNijenhuis bracket (see
[20, 21, 22]).

As in thecase of thecomplex manifold, in this case we can build a bi-di! erent ial calculi,
for each pair (d, dI ), (d, dJ ) and (d, dK ), and Þnd a set of conservat ion laws, deÞned start ing
from a funct ion (0-AÐform) ! (0)

l ,for l = I , J, K , such that

(0.2) ddl !
(0)
l = dld! (0)

l = 0.

sat isfying:

(0.3) d! (m+ 1)
l = dl !

(m)
l ,

with l = I , J, K .
As in the case of a complex manifold here we can introduce a symplect ic structure

" which sat isÞes " l (lX , Y) = " l (X , lY ) for l = I , J, K , being in this sense a symplec-
t ic K¬ahler structure for each complex structure I , J, K , so the funct ions ! (0)

l will be in
involut ion with respect to each symplect ic structure " l .

With differential operators:
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Each one of the Lie algebroids have the following AÐexterior di! erent ial operator:

dI = [I ! , d]s, dJ = [J ! , d]s, dK = [K ! , d]s .

sat isfying each operator the following propert ies

d2
l = 0, [d, dl ]s = 0,

for l = I , J, K . Moreover this operators sat isÞes

[dl , dm]s = d[l ,m]F -N ,

for l != m and l, m = I , J, K , where [á, á]F -N denote the Fr¬olicherÐNijenhuis bracket (see
[20, 21, 22]).

As in thecase of thecomplex manifold, in this case we can build a bi-di! erent ial calculi,
for each pair (d, dI ), (d, dJ ) and (d, dK ), and Þnd a set of conservat ion laws, deÞned start ing
from a funct ion (0-AÐform) ! (0)

l ,for l = I , J, K , such that

(0.2) ddl !
(0)
l = dld! (0)

l = 0.

sat isfying:

(0.3) d! (m+ 1)
l = dl !

(m)
l ,

with l = I , J, K .
As in the case of a complex manifold here we can introduce a symplect ic structure

" which sat isÞes " l (lX , Y) = " l (X , lY ) for l = I , J, K , being in this sense a symplec-
t ic K¬ahler structure for each complex structure I , J, K , so the funct ions ! (0)

l will be in
involut ion with respect to each symplect ic structure " l .



Satisfying:

2 JAIME R. CAMACARO.

Each one of the Lie algebroids have the following AÐexterior different ial operator:

dI = [I ! , d]s, dJ = [J ! , d]s, dK = [K ! , d]s .

sat isfying each operator the following propert ies

d2
l = 0, [d, dl ]s = 0,

for l = I , J, K . Moreover this operators sat isÞes

[dl , dm]s = d[l ,m]F -N ,

for l != m and l, m = I , J, K , where [á, á]F -N denote the Fr¬olicherÐNijenhuis bracket (see
[20, 21, 22]).

As in thecase of thecomplex manifold, in this case we can build a bi-different ial calculi,
for each pair (d, dI ), (d, dJ ) and (d, dK ), and Þnd a set of conservat ion laws, deÞned start ing
from a funct ion (0-AÐform) χ(0)

l ,for l = I , J, K , such that

(0.2) ddlχ
(0)
l = dldχ(0)

l = 0.

sat isfying:

(0.3) dχ(m+ 1)
l = dlχ

(m)
l ,

with l = I , J, K .
As in the case of a complex manifold here we can introduce a symplect ic structure

ω which sat isÞes ωl (lX , Y) = ωl (X , lY ) for l = I , J, K , being in this sense a symplec-
t ic K¬ahler structure for each complex structure I , J, K , so the funct ions χ(0)

l will be in
involut ion with respect to each symplect ic structure ωl .
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Each one of the Lie algebroids have the following AÐexterior di! erent ial operator:

dI = [I ! , d]s, dJ = [J ! , d]s, dK = [K ! , d]s .

sat isfying each operator the following propert ies

d2
l = 0, [d, dl ]s = 0,

for l = I , J, K . Moreover this operators sat isÞes

[dl , dm]s = d[l ,m]F -N ,

for l != m and l, m = I , J, K , where [á, á]F -N denote the Fr¬olicherÐNijenhuis bracket (see
[20, 21, 22]).

As in thecase of thecomplex manifold, in this case we can build a bi-di! erent ial calculi,
for each pair (d, dI ), (d, dJ ) and (d, dK ), and Þnd a set of conservat ion laws, deÞned start ing
from a funct ion (0-AÐform) ! (0)

l ,for l = I , J, K , such that

(0.2) ddl !
(0)
l = dld! (0)

l = 0.

sat isfying:

(0.3) d! (m+ 1)
l = dl !

(m)
l ,

with l = I , J, K .
As in the case of a complex manifold here we can introduce a symplect ic structure

" which sat isÞes " l (lX , Y) = " l (X , lY ) for l = I , J, K , being in this sense a symplec-
t ic K¬ahler structure for each complex structure I , J, K , so the funct ions ! (0)

l will be in
involut ion with respect to each symplect ic structure " l .
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Each one of the Lie algebroids have the following AÐexterior di! erent ial operator:

dI = [I ! , d]s, dJ = [J ! , d]s, dK = [K ! , d]s .
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l = 0, [d, dl ]s = 0,
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[20, 21, 22]).
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l ,for l = I , J, K , such that

(0.2) ddl !
(0)
l = dld! (0)

l = 0.
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(m)
l ,

with l = I , J, K .
As in the case of a complex manifold here we can introduce a symplect ic structure
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Each one of the Lie algebroids have the following AÐexterior di! erent ial operator:

dI = [I ! , d]s, dJ = [J ! , d]s, dK = [K ! , d]s .

sat isfying each operator the following propert ies

d2
l = 0, [d, dl ]s = 0,

for l = I , J, K . Moreover this operators sat isÞes

[dl , dm]s = d[l ,m]F -N ,

for l != m and l, m = I , J, K , where [á, á]F -N denote the Fr¬olicherÐNijenhuis bracket (see
[20, 21, 22]).

As in thecase of thecomplex manifold, in this case we can build a bi-di! erent ial calculi,
for each pair (d, dI ), (d, dJ ) and (d, dK ), and Þnd a set of conservat ion laws, deÞned start ing
from a funct ion (0-AÐform) ! (0)

l ,for l = I , J, K , such that

(0.2) ddl !
(0)
l = dld! (0)

l = 0.
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with l = I , J, K .
As in the case of a complex manifold here we can introduce a symplect ic structure
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Finally:
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Each one of the Lie algebroids have the following A–exterior di! erential operator:

dI = [I ! , d]s, dJ = [J ! , d]s, dK = [K ! , d]s .

satisfying each operator the following properties

d2
l = 0, [d, dl ]s = 0,

for l = I , J, K . Moreover this operators satisfies

[dl , dm ]s = d[l ,m ]F -N ,

for l != m and l , m = I , J, K , where [á, á]F -N denote the Frölicher–Nijenhuis bracket (see
[20, 21, 22]).

As in the case of the complex manifold, in this case we can build a bi-di! erential calculi,
for each pair (d, dI ), (d, dJ ) and (d, dK ), and find a set of conservation laws, defined starting

from a function (0-A–form) ! (0)
l ,for l = I , J, K , such that

(0.2) ddl !
(0)
l = dld! (0)

l = 0.

satisfying:

(0.3) d! (m+1)
l = dl !

(m)
l ,

with l = I , J, K .
As in the case of a complex manifold here we can introduce a symplectic structure

" which satisfies " l(lX , Y ) = " l(X , lY ) for l = I , J, K , being in this sense a symplec-

tic Kähler structure for each complex structure I , J, K , so the functions ! (0)
l will be in

involution with respect to each symplectic structure " l .
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For the KŠhler structure we Þnd:
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Example 4. Now we turn our at tent ion to the case of an hyperÐK¬ahler structure. as
we already see in the deÞnit ion 0.1, an hyperÐK¬ahler manifold is a real manifold endowed
with and hyperÐcomplex structure (I , J, K ), a Riemann metric and the K¬ahlar forms
(hyperÐK¬ahler forms) see equat ion (0.3).

Associated to an hyperÐK¬ahler manifold we will Þnd over the bundle TB the same
structure deÞne by the hyperÐcomplex structure it is said there exist three alternat ive
Lie algebroids structures on TB each one generated by the deformat ion of the natural
Lie algebroid structure on TB by means of each one of the complex structures (I , J, K ).
So we Þn three di! erent ial operators dl = [l∗, d]s with l = I , J, K , which forms with d
the bi-di! erent ial complexes from which we can obtain three sets of conservat ion laws by
(0.5) and (0.6).

As we not ice in the example 2, it is known that to a K¬ahler structure we can associate
a bialgebroid structure generated by the Poisson structure associated to the K¬ahler form.
In this casewewill Þnd threesymplect ic forms(0.3), with its respect ive Poisson structures
" I , " J , " K each one of this structures generates a Lie algebroid structure on T∗B, by
means of the following bracket and anchor map:

[α, β]l = L b! l (! )β ! L b! l (" )α ! d(" l (α, β)) , for l = I , J, K(0.4)

ρ! l = !" l .(0.5)

As we already know each one of this Lie algebroids have a di! erent ial operator associated
to it , deÞned by the LichnerowiczÐPoisson operators

d! l = [" l , á](∗), such that d2
! l

= 0 for l = I , J, K .

Not ice that in this case it is deÞned a set of bialgebroid structure, its enough to observe
that : the di! erent ials d, dI , dJ , dK are derivat ions of ([á, á]! l , #(

" ¥ T∗B)) for l = I , J, K ,
and the operators d! m with m = I , J, K are derivat ions of ([á, á](m), [á, á](T B ), #(

" ¥ TB)).
As there is no restrict ion on the derivat ions then we are talking about 9 Lie bialgebroids
structures:

(dl , d! m , [á, á]l , [á, á]m), for l , m = I , J, K .

In consequence we have (as was already not ice in [23]) that the pairs (I , " I ), (I , " J ),
(I , " K ), (J, " I ), . . ., in general thepairs of the form (l, " m) for l , m = I , J, K , arePoissonÐ
Nijenhuis structures.

As we already ment ion the PN structures have associated a bi-Hamiltonian structure,
which in the case of an hyper-K¬ahler manifold have the usual relat ions:

(0.6) ω1
l (X , Y) = ω0

l (lX , Y), f or l = I , J, K .

As there is a bunch of PN structures then we will Þnd again a condit ion reßect ing this
characterist ic in relat ion with the bi-Hamiltonian structures, such condit ion is given by
the following relat ions:

ωI (X , Y) = ωJ (K X , Y), ωJ (X , Y) = ωK (K X , Y),

ωK (X , Y) = ωI (JX , Y).(0.7)
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(I , " K ), (J, " I ), . . ., in general thepairs of the form (l, " m) for l , m = I , J, K , arePoissonÐ
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which in the case of an hyper-K¬ahler manifold have the usual relat ions:
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l (X , Y) = $0
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An so there is not only an involution but an 
intertwining relation between the functions 

with respect to the symplectic forms.
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