


Our starting point is a set of papers of Dimakis and
MYller-Hoissen, where they have shown how to genemate
consenations laws in completely integrable systems by
means of a bi--differential calculus.

A second milestone are the resultsof Crampin, et al., where
they have proved that the approach of Dimakis and MYller-
Hoissen was related to the standard approach of bi-Hamiltonian
structures of Poisson--Nijenhuis type, this results were extended
by the same group adding some interesting remarks on the so
called gauged bi-differential calculus.

A detailed description of geometrical properties and a
genemlization to Lie algebroids were given respectvely P Gouha

and Camacaro, Cari—ena.




Apart from the previous citations one can bnd of interestthe
relation of the bi-differential calculi and the Non-Noether
symmetries,and the application of the bi-differential calculi and
Lie algebroids to specibc integable systems.




Lie algebroids and Contactions of Lie algebroids

Definition 1.1. A Liealgebroid isa vector bundle! : A! M together with:

¥ A Lie bracket [3da on the space " (A) of sections of A.

¥ A vector bundlemap " : A! TM over the identity, called the anchor,
such that theinduced map " : " (A)! "(TM) isaLiealgebra morphism.

¥ The identity [X,fY]a = f[X,Y]a + ("(X)f)Y most hold for each pair
X, Y" "(A)and f " C' (M).

If we consider coordinates (z*,...,2z") pn a local chart U # M and a basis
{e: |a= 1,...,r} of local sections of 7 : A!U I U, then the expressions for the
Lie bracket and the anchor are
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respectively, where C, . #(x) and d', (z) are the structural functions of the Lie
algebroid.
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We debne the grad&d exterior algebrg of a Lie algebroid (A,",[@ada) via the
exterior vector bundle " *A. Theset "( *A) is called A-vector Pelds,, Sections
of the dual bundle A" are called A $ 1$forms. Similarly sections " ( o

A" arecalled A$forms. Thebpundle A" isendowed with a nilpotent di! erential

operator da of degree 1, da 1" ( “A")! "( *T'A"), given by
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+ ($1)‘+j&([Xi,Xj]A,X1,...,)@i,...,)@j,...Xk+1).

4 i<j <
This exterior di! erential algebra is specially interesting because it is equivalent =

to the Lie algebroid structure in A, with the structural maps " and [§4, dePned
as follows: g
"(X)f = WA f, X &, B

%, [X,Y]&= "(X)(%,Y&S$ "(Y)(%,X&$ da' (X,Y).
X, Y " “(A), f = ChM)and " “Aa).
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PN-Structures and Bi-differential calculi

Consider a manifold M endowed with a (1, 1)# tensor beld N, we say that N
Is a Nijenhuis tensor if the corresponding Nijenhuis torsion T(N) debned by

T(N)(X,Y) = INOX),N(Y)I# N(N(X), YT+ DX N(Y)D) + N2(IX, YD)

for every X,Y %! (TM) vanish. By means of N, it@ possible to dePne on TM an
alternative Lie algebroid structure (see [15, 16]) with bracket

(2.2) (4w = N3, 4+ [AN(3]# N(139)
such that for every X,Y %! (M) and $%! (T*M),
&, [X,YIn'" = NMX)&Y' #N(Y)& X'+ X&SNY'# Y& NX'

#@,N([X,Y])' # dB(NX,Y) # d$(X,NY).

T he corresponding anchor is# = N:TM " TM, debned by contracthn of N with
yector Pelds. Usmg the graded conmutator [§dp on the space Der! ( *T*M) =

Derg! ( *T*M ) the space of all graded derivations, wewritethe corresponding
di" erentlal operator on the new Lie algebroid structure (TM,N,[adn) by

(2.2) [ ATl j

=




where d is the de Rham differential and iy is a derivation of degree O, debned by
!n
in! (X1,...,Xp) = SO T NG e N
=1
for any differential form! ! T'( PT'M).



1t@ straightforward to check that the two exterior di! erential operators d and
dy acting over " (¥ T' M), satisfy
-2 -0,

and
[d7 dN ]D = 0 .

A particular class of bi-differential calculi (this is the
Cramping et al. construction)

connection,
curvature and
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A section of E # E' will be called a (1, 1)-E-tensor. Given a (1, 1)-E -tensor
peld,i.,e. N $ ! (E # E'), we can assiate with it a map iy which is a
derivation in the tensorial algebrasof sections of | and #, such that
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inX =N(X) forX $!(E),
inH=NT(n) forp$! (E').

We will say that N is a Nijenhuis structure for the Lie algebwoid E if the
torsion Te (N)(X, Y) vanishesfor all E-vector beldsX, Y, whereTg (N)(X,Y)
is debnedas

Te(N)(X,Y) = N (IN(X), Y]e + [X,N(Y)[e %N (X, Y])e)%N (X),N(Y)le .




An E-Nijenhuis tensor N inducesa new Lie algebrad structure on E debned
by the bracdket

(X, Yew = NGO, YIe + DX N(Y)le %N (X, YIe) ]

and andor mapC'N =" &Njwhere" is the original anchor map of E.
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The extenor di! erential operator dgy In " (! ¥E') turns out to be sud that

den = [in,de] = Iy ode —deg oy .

Once agan we bnd a bi-di! erertial structure assaiated in this casewith the
E -Nijenhuis tensorbeldN which is dePnedby the pair of di! erertial operators
(de,de=n ), Where both di! erertial operators are of degree 1 and satisfy

&2 =y =0, [de,den]s= deoden+ denode =0,
because
de odeny = de cipode, deny ode = —de oig ode .
Of course,whenE = TM we recover the theory of bi-di! erertial calculus of

FrelicherENij entuis.

A Generalization of the Bi-differential calculi.
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Back on N:TM " TM,
(1, 1)# tensor field N g [d,dn D = O.)
Theactionofdy onf ! C" (M)andd! " *T'M " isgiving by
dvf = N'd
dyd® = in (d9)$ d(ino)
dy(df) = d(N'd).

Now the Dimakis, MYller-Hoissen construction.




We start with x@ 1 *( S*'T'B) such that

dy #9 = 0 ddy #© = $dyd#® = 0 |
Too restrictive Less restrictre
_ J \_ J
Inductively
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schematically the constructions is gven by:

1) i \
=2 0 dl = 0Oand dh'! = O,
: Consenation Law
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Examples:

Consider a complex manifold (B, J)

TJA)(X,Y)=0

X, Y] = [IX, Y]+ [X,IY]! J[X,Y],

N

(dy = [, dls,
fi=id: = 0,
d.dyT, = 0.

\_

J

df =J3'd, "f#C (B),
d;" =J3'd" +d@@'"), " #Q%B),
dy () =dJ'd), "f#C (B).

\ _/




e € (B),
de #(O) — dJ d#(o) — O,
D (M)

. J

is endowed with a KShlersymplectic
structure

$(J(3,9 = $(aJ(9), %

if (B,J)

then the functions x{™ are in involution.




If the base manifold is endaved with a KShler structure,
then, the involution condition is lost, and there fore the
setof consened currentsis lost, and the completely integrable
system.

So the seach of a completely integrable systemassociated
to a topological sigma model looks like close.




But, if we consider the hierarchy of the Nijenhuis tensor (a.k.a
Recursion operators), it is easy to show that there exists an

alternative sequence of conseration laws j® and functions ! ®

which are in involution with respectto the Poisson structure, and

satispes:

(

\_

SR = ol (O
P(d (M d (M) =0,
w(NX,Y)="! w(X,NY),

"(N*(X), Y) =" (X, N*(Y))
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j(k:+ 17 d (k+1) — dNI (k:)’

]-:—(k:+ D dN! f+ 1) _ dNZ! (k)
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Triple structures:

A triple structure on a manifold M is given by three tensor belds of type (1,1),
F, P and J satisfying the relations:

i) F2= 141, P%2=151,J%2= 13, wherelq,15 13! {"1,+1} and | stands
for the identity map, i.e., each one of them is an almost product or almost
complex structure.

i) P#F £ F #P = 0O, i.e., they commute or anti-commute.

iii)J=P!F.
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These relations allow us to debne four types of triple structures on a
manifold, which provide four di! erent geometries:;

1. Almost biparacomplez structure; F4=1,P%2=1,P! F+F! P = 0.
2. Almost hyperproduct structure: F>=1,P?=1,PIF" F! P = 0.

3. Almost bicomplex structure: F2="1,P?="1,P!F" FIP = 0.

4. Almost hypercomplex structure; F2="1,P2="|1,PIF+F!P = 0.

One can expect to debPne four other triple structures:

5. F2=1,P%= —I,PoF + FoP = 0;in thiscase, J% = |
fRE2— | P2= |- PoE.-—F ocP =20 nthiscase:J%= —|
7. F2= —| P2=|,PoF + FoP =0 inthiscase J2= |

B - P P e Eo P = Ot S Case )i =



Examples:

As brst example we hae a hypercomplex structure

Hyper-KShler (related with typer-Poisson [Xu]):




Eadh complex structure debne a contracted Lie algebroid
structure, gven by:

With differential operators:




Satisfying:

[d,dmls= dympr~,  TEM  Im= I,J,K,J

Hnally:
(d,d), (d,dy) (d, k),
(- )
da! {” = dd! |” = 0. (0-AEform) ! ¥
d (M = g1 M T2
g J




For the KShler structure we bnd:

G =l L ke

$|(X,Y):$J(KX,Y), $J(X,Y):$K(KX,Y),
$K(X,Y) = $| (JX,Y).

An so there is not only an involution but an
Intertwining relation between the functions
with respect to the symplectic forms.
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